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✈❡rs❡ ❊❧❡❝tr✐❝ ✭❚▼✮ ♠♦❞❡✳ ❚❤❡ ✉♥❦♥♦✇♥s ❞❡♣❡♥❞ ♦♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ x =
(x1, x2) ∈ R
2 ❛♥❞ t❤❡ t✐♠❡ t ≥ 0✳ ❚❤❡② ❛r❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
E = (E1, E2, 0)
T ,
❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞
H = (0, 0, H3)
T .
❚❤❡ ❝✉rr❡♥t
j = (j1, j2, 0)
✐s s✉♣♣♦s❡❞ t♦ ❜❡ ❣✐✈❡♥✳
❲❡ t❤❡♥ ✇r✐t❡ t❤❡ ✉♥❦♥♦✇♥s ❛♥❞ t❤❡ s♦✉r❝❡ t❡r♠ ✐♥ ❛ ✈❡❝t♦r ❢♦r♠
W = (E1, E2, H3)
T , S = (j1, j2, 0)
T .
■♥ t❤✐s ✇❛②✱ t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s r❡❛❞ ❛s ❛ ❧✐♥❡❛r ✜rst ♦r❞❡r ❤②♣❡r❜♦❧✐❝ s②st❡♠
∂tW +A
i∂iW = S, ✭✶✮
✷
✇❤❡r❡ ✇❡ ✉s❡ t❤❡ ❊✐♥st❡✐♥ ❝♦♥✈❡♥t✐♦♥ ✭s✉♠ ♦♥ r❡♣❡❛t❡❞ ✐♥❞✐❝❡s✮
Ai∂i = A
1∂1 +A
2∂2,
❛♥❞ t❤❡ ♥♦t❛t✐♦♥
∂i =
∂
∂xi
.
■♥ t❤❡ ✜rst ♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ s②st❡♠ ✭✶✮ t❤❡ ♠❛tr✐❝❡s Ai ❛r❡ ❣✐✈❡♥ ❜②
A1 =

 0 0 00 0 1
0 1 0

 , A2 =

 0 0 −10 0 0
−1 0 0


✭t❤❡ ❡q✉❛t✐♦♥s ❛r❡ ✇r✐tt❡♥ ✉♥❞❡r ❛ ❞✐♠❡♥s✐♦♥❧❡ss ❢♦r♠ ✇❤❡r❡ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t
c = 1✮✳ ▲❡t ♥♦✇ n = (n1, n2)T ∈ R2✳ ❲❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ t❤❡ ✢✉① ♦❢ t❤❡ ▼❛①✇❡❧❧
❡q✉❛t✐♦♥s
f(W,n) = AiniW.
■❢ ✇❡ ❞❡✜♥❡
n1 = (1, 0)T , n2 = (0, 1)T ,
t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ ✉♥❞❡r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥s❡r✈❛t✐✈❡
❢♦r♠
∂tW + ∂if(W,n
i) = S. ✭✷✮
✶✳✷✳ ❱❧❛s♦✈ ❡q✉❛t✐♦♥
❲❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ ♠♦t✐♦♥ ♦❢ N ♣❛rt✐❝❧❡s ♦❢ ♠❛ss m ❛♥❞ ❝❤❛r❣❡ q ✐♥ t❤❡
❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ♣❛rt✐❝❧❡s ❛r❡ ❧❛❜❡❧❡❞ ❜② ❛♥ ✐♥❞❡① k✱ 1 ≤ k ≤ N ✳ ❚❤❡
♣♦s✐t✐♦♥ ♦❢ ♣❛rt✐❝❧❡ k ❛t t✐♠❡ t ✐s xk(t) ❛♥❞ ✐ts ✈❡❧♦❝✐t② ✐s
x˙k(t) =
d
dt
xk(t).
❋♦r x = (x1, x2) ∈ R2 ❛♥❞ v = (v1, v2) ∈ R2✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢
♣❛rt✐❝❧❡s ✐s ❞❡✜♥❡❞ ❜②
f(x, v, t) =
∑
k
ωkδ(x− x
k(t))δ(v − x˙k(t)),
✇❤❡r❡ δ ❞❡♥♦t❡s t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡ ♦♥ R2 ❛♥❞ ωk ✐s t❤❡ ✇❡✐❣❤t ♦❢ ♣❛rt✐❝❧❡ k✳
❚❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣❛rt✐❝❧❡s ♠♦t✐♦♥ ✐s ❣✐✈❡♥ ❜②
j(x, t) =
ˆ
v
f(x, v, t) =
∑
k
ωkδ(x− x
k(t))x˙k(t). ✭✸✮
❚❤❡ ♣❛rt✐❝❧❡ ❛❝❝❡❧❡r❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ r❡❧❛t✐✈✐st✐❝ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥
x˙ = v, x¨ = µ
q
m
(E + v ∧H), ✭✹✮
✸
✇✐t❤
E = (E1, E2, 0)
T , H = (0, 0, H3)
T ,
µ = µ(v) = (1− v · v)3/2. ✭✺✮
❲❡ ❝❛♥ ❛❧s♦ ✇r✐t❡ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥
x¨ = µ(x˙)a(x, x˙, t), a(x, v, t) =
q
m
(E1(x, t) + v2H3(x, t), E2(x, t)− v1H3(x, t)).
■t ✐s t❤❡♥ ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❛t✱ ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥
s❛t✐s✜❡s t❤❡ r❡❧❛t✐✈✐st✐❝ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✇r✐tt❡♥ ✉♥❞❡r ❛ ❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠
∂tf +∇x · (fv) +∇v · (µfa) = 0. ✭✻✮
❲❤❡♥ t❤❡ ♣❛rt✐❝❧❡ ✈❡❧♦❝✐t② ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t c = 1✱ ✇❡ ❝❛♥
✉s❡ t❤❡ ●❛❧✐❧❡❛♥ ❛♣♣r♦①✐♠❛t✐♦♥
µ(v) ≃ 1. ✭✼✮
■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❛❞♠✐ss✐❜❧❡ ✈❡❧♦❝✐t② ❞✐s❦
D =
{
v ∈ R2, v · v < 1
}
.
▲❡t ✉s ❛❧s♦ ♦❜s❡r✈❡ t❤❛t ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ✈❡❧♦❝✐t② ❞✐s❦✱ ✇❡ ❤❛✈❡
v ∈ ∂D ⇒ µ(v) = 0.
❚❤✐s ✐s ❛ ♥✐❝❡ ♣r♦♣❡rt②✳ ■♥❞❡❡❞✱ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✭✻✮ ✐s ❛ tr❛♥s♣♦rt ❡q✉❛t✐♦♥
✇r✐tt❡♥ ✐♥ t❤❡ (x, v) ✈❡❧♦❝✐t② ♣❤❛s❡ s♣❛❝❡✳ ❚❤❡ ♣❤❛s❡ s♣❛❝❡ tr❛♥s♣♦rt ✈❡❧♦❝✐t② ✐s
V = (v, µa) ∈ R4
❚❤❡ ❝♦♠♣♦♥❡♥t ♦❢ V ✐♥ t❤❡ ✈❡❧♦❝✐t② ❞✐r❡❝t✐♦♥ v ✐s t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ µa✱ ✇❤✐❝❤
✈❛♥✐s❤❡s ♦♥ ∂D✳ ❚❤✉s ✇❡ ✇✐❧❧ ❤❛✈❡ ♥♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ t♦ ❛♣♣❧② ♦♥ ∂D✱
♦r ♠♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ ❛t t❤❡ ✐♥✐t✐❛❧ t✐♠❡ f = 0 ♦♥ ∂D✱ t❤❡♥ t❤✐s ♣r♦♣❡rt② ✐s
♠❛✐♥t❛✐♥❡❞ ❛t ❛❧❧ t✐♠❡s✳
✶✳✸✳ ❉✐✈❡r❣❡♥❝❡ ❝❧❡❛♥✐♥❣
❚❤❡ ❝❤❛r❣❡ ρ(x, t) ✐s ❞❡✜♥❡❞ ❜②
ρ(x, t) =
ˆ
v
f(x, v, t)dv.
■♥t❡❣r❛t✐♥❣ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ v✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❝❤❛r❣❡ ❝♦♥s❡r✲
✈❛t✐♦♥
∂tρ+∇x · j = 0. ✭✽✮
■❢ ❛t t❤❡ ✐♥✐t✐❛❧ t✐♠❡ t = 0 t❤❡ ●❛✉ss ❧❛✇ ✐s s❛t✐s✜❡❞
∇x · E(x, t = 0) = ρ(x, t = 0),
✹
t❤❡♥✱ ✉s✐♥❣ t❤❡ ❝❤❛r❣❡ ❝♦♥s❡r✈❛t✐♦♥ ✭✽✮ ❛♥❞ t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✭✶✮ ✇❡ ❞❡❞✉❝❡
t❤❡ ●❛✉ss ❧❛✇ ❛t ❛❧❧ t✐♠❡s
∇x · E = ρ. ✭✾✮
❚❤❡ ●❛✉ss ❧❛✇ ✐s t❤✉s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✳ ❍♦✇✲
❡✈❡r✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✱ ✐t ♠✐❣❤t ♥♦t ❜❡ ✇❡❧❧ s❛t✐s✜❡❞ ❜② t❤❡
♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❆ ♣r❛❝t✐❝❛❧ t♦♦❧ ❢♦r ✐♠♣r♦✈✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ❛❝❝✉r❛❝②
✐s t♦ ✉s❡ ❛ ❞✐✈❡r❣❡♥❝❡ ❝❧❡❛♥✐♥❣ t❡❝❤♥✐q✉❡ ♦❢ ▼✉♥③ ❡t ❛❧✳ ❬✶✼❪✳ ❚❤❡ ❞✐✈❡r❣❡♥❝❡
❝❧❡❛♥✐♥❣ ❝♦♥s✐sts ✐♥ ❝♦♥s✐❞❡r✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛rt✐✜❝✐❛❧ ✉♥❦♥♦✇♥ φ(x, t) ✐♥ t❤❡
▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ s❛t✐s✜❡s
∂tφ+ χ∇x · E = χρ.
❚❤❡ ❝♦♥st❛♥t ♣❛r❛♠❡t❡r χ > 0 r❡♣r❡s❡♥ts t❤❡ s♣❡❡❞ ❛t ✇❤✐❝❤ t❤❡ ❞✐✈❡r❣❡♥❝❡
❡rr♦rs ❛r❡ ♣r♦♣❛❣❛t❡❞ t♦ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ■♥ ❛❞❞✐✲
t✐♦♥✱ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ∂tE ✐s r❡♣❧❛❝❡❞ ❜② ∂tE + χ∇xφ ✐♥
t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✳ ❲❡ t❤✉s ♦❜t❛✐♥ ❛ ♥❡✇ ✈❡❝t♦r ♦❢ ✉♥❦♥♦✇♥s
W = (E1, E2, H3, φ)
T .
❚❤❡ ❞✐✈❡r❣❡♥❝❡ ❝❧❡❛♥✐♥❣ ♠♦❞❡❧ st✐❧❧ r❡❛❞s ❛s ❛♥ ❤②♣❡r❜♦❧✐❝ s②st❡♠ ✭✶✮ ❜✉t t❤❡
♠❛tr✐❝❡s ❛r❡ ♥♦✇
A1 =


0 0 0 χ
0 0 1 0
0 1 0 0
χ 0 0 0

 , A2 =


0 0 −1 0
0 0 0 χ
−1 0 0 0
0 χ 0 0

 ,
❛♥❞ t❤❡ s♦✉r❝❡ t❡r♠ ❜❡❝♦♠❡s
S = (j1, j2, 0, χρ)
T . ✭✶✵✮
❆♥ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ t❤✐s ❡①t❡♥❞❡❞ ▼❛①✇❡❧❧ s②st❡♠ ✐s t❤❛t ✇❡ r❡❝♦✈❡r ❡①❛❝t❧②
t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✇❤❡♥ φ ✐s ❝♦♥st❛♥t✳ ❚❤✉s✱ ✇✐t❤ ❛❞❡q✉❛t❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ✇❡ ✐♥tr♦❞✉❝❡ ♦♥❧② ❛ ♥✉♠❡r✐❝❛❧ st❛❜✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡ ❡rr♦rs
✇✐t❤♦✉t ❛❞❞✐t✐♦♥❛❧ ♥✉♠❡r✐❝❛❧ ❡rr♦rs✱ ❡✈❡♥ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ χ✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s
♦♥ t❤❡ ❞✐✈❡r❣❡♥❝❡ ❝❧❡❛♥✐♥❣ s②st❡♠✱ ✇❡ r❡❢❡r t♦ ▼✉♥③ ❡t ❛❧✳ ❬✶✼❪✱ ❈r❡st❡tt♦ ❛♥❞
❍❡❧❧✉② ❬✻❪✱ ❈r❡st❡tt♦ ❬✺❪✱ ❋♦r♥❡t ❡t ❛❧✳ ❬✼❪✳
✶✳✹✳ ❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❚❤❡ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✭✷✮✱ ✭✻✮ ♥❡❡❞ t♦ ❜❡ s✉♣♣❧❡♠❡♥t❡❞ ❜② ❝♦♥❞✐✲
t✐♦♥s ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ Ω×D✳
✶✳✹✳✶✳ ▼❛①✇❡❧❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❙t❛❜❧❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝❧❛ss✐❝ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❡①✲
t❡♥s✐✈❡❧② st✉❞✐❡❞✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ♣r♦♣❡r❧② ❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ ❞✐✈❡r❣❡♥❝❡
❝❧❡❛♥✐♥❣ ♠♦❞❡❧ ✐♥ ❛ ❢❡✇ ♣❛♣❡rs✿ ❋♦r♥❡t ❡t ❛❧✳ ❬✼❪✱ ❈r❡st❡tt♦ ❛♥❞ ❍❡❧❧✉② ❬✻❪✳ ❲❡
r❡❝❛❧❧ ❤❡r❡ ❜r✐❡✢② t❤❡ ❣❡♥❡r❛❧ t❤❡♦r②✳
✺
❲❡ ❝♦♥s✐❞❡r ❧♦❝❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❢♦r♠
M(n)(W −W ✐♥❝) = 0, ✭✶✶✮
✇❤❡r❡ n = (n1, n2, 0) ✐s t❤❡ ♥♦r♠❛❧ ♦✉t✇❛r❞ ✈❡❝t♦r ♦♥ ∂Ω ❛♥❞ W ✐♥❝ ❛ ❣✐✈❡♥
✐♥❝✐❞❡♥t ❜♦✉♥❞❛r② ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ✭✇❤✐❝❤ ❝❛♥ ❜❡ ③❡r♦✮✳ ❚❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ❤❛s t♦ ❜❡ ❝❤♦s❡♥ ✐♥ s✉❝❤ ✇❛② t❤❛t t❤❡ ▼❛①✇❡❧❧ ♦♣❡r❛t♦r ✐♥ s♣❛❝❡ x
✐s ♠❛①✐♠❛❧ ♣♦s✐t✐✈❡✳ ❙t❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ▲❛①✲P❤✐❧✐♣s t❤❡♦r②
✭▲❛① ❛♥❞ P❤✐❧❧✐♣s ❬✶✺❪✱ P❡t❦♦✈ ❛♥❞ ❙t♦②❛♥♦✈ ❬✶✽❪✱ ❇♦✉r❞❡❧ ❡t ❛❧✳ ❬✸❪✱ ❍❡❧❧✉②
❬✽❪✱ ❈r❡st❡tt♦ ❛♥❞ ❍❡❧❧✉② ❬✻❪✱ ❋♦r♥❡t ❡t ❛❧✳ ❬✼❪✮ ✇❤✐❝❤ r❡q✉✐r❡s
• 12A
ini +M(n) ≥ 0.
• ❞✐♠❦❡rAin−i = ❞✐♠❦❡rM(n).
■t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭❛♥❞ ❛ss♦❝✐❛t❡❞
M ♠❛tr✐❝❡s✮ s❛t✐s❢② t❤❡ ▲❛①✲P❤✐❧✐♣s st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s
• ●❡♥❡r❛❧✐③❡❞ ✏♠❡t❛❧✑✿
n× E = 0, φ = λE · n, λ ≥ 0 ✭✶✷✮
• ●❡♥❡r❛❧✐③❡❞ ✏❙✐❧✈❡r✲▼ü❧❧❡r✑✱ M = −Ain−i ✿
H3 − n1E2 + n2E1 = H
✐♥❝
3 − n1E
✐♥❝
2 + n2E
✐♥❝
1 ,
E · n− φ = E✐♥❝ · n. ✭✶✸✮
❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ♠❡t❛❧ ❝♦♥❞✐t✐♦♥ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ▼❛①✇❡❧❧ s②st❡♠
♦♥❧② ✇❤❡♥ λ = 0 ✭❜❡❝❛✉s❡ ✇❡ ♥❡❡❞ t♦ ❤❛✈❡ φ = 0✮✳ ❍♦✇❡✈❡r✱ ❛ s♠❛❧❧ λ > 0
❝❛♥ ❜❡ ✐♥t❡r❡st✐♥❣ ❢♦r ♥✉♠❡r✐❝❛❧ r❡❛s♦♥s✱ ❜❡❝❛✉s❡ ✐t ✐♥tr♦❞✉❝❡s ❛ s❧✐❣❤t ❡♥❡r❣②
❞❛♠♣✐♥❣✳
❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ r❡s♣❡❝t ♦❢ t❤❡ ▲❛①✲P❤✐❧✐♣s st❛❜✐❧✐t②
❝♦♥❞✐t✐♦♥ ✐s ❛❜s♦❧✉t❡❧② ❝r✉❝✐❛❧ ❢♦r ♦❜t❛✐♥✐♥❣ st❛❜❧❡ ❛♥❞ ♣r❡❝✐s❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✱
❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ❉● s♦❧✈❡r ✐s ❝♦✉♣❧❡❞ t♦ ❛ P■❈ s♦❧✈❡r✳
✶✳✹✳✷✳ ❱❧❛s♦✈ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❆s s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✱ ♥♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s r❡q✉✐r❡❞ ♦♥ t❤❡ ❜♦✉♥❞❛r②
Ω × ∂D ♦❢ t❤❡ ✈❡❧♦❝✐t② ❞♦♠❛✐♥✳ ❲❡ t❤✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ x ∈ ∂Ω ❛♥❞ v ∈ D✳
❚❤❡ ♦✉t✇❛r❞ ♥♦r♠❛❧ ✈❡❝t♦r ♦♥ ∂Ω ✐s st✐❧❧ ♥♦t❡❞ n(x)✳
■♥✢♦✇ ❝♦♥❞✐t✐♦♥✳ ■t ✐s ♥❛t✉r❛❧ t♦ ✐♠♣♦s❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥
f ♦♥❧② ❛t ✐♥✢♦✇ ✭❏♦❤♥s♦♥ ❛♥❞ P✐t❦är❛♥t❛ ❬✶✷❪✮✳ ■♥tr♦❞✉❝✐♥❣ t❤❡ ♥♦t❛t✐♦♥s
α+ = max(α, 0), α− = min(α, 0),
t❤❡ ✐♥✢♦✇ ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥
(v · n(x))−f(x, v, t) = (v · n)−f0(x, v, t),
✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✇❤❡♥ v · n > 0, ♥♦ ❝♦♥❞✐t✐♦♥ ✐s ✐♠♣♦s❡❞ ♦♥ f ✳
✻
❈❤✐❧❞✲▲❛♥❣♠✉✐r ❝♦♥❞✐t✐♦♥✳ ❆ ♠♦r❡ s✉❜t❧❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s t❤❡ ❈❤✐❧❞✲
▲❛♥❣♠✉✐r ❝✉rr❡♥t ❝♦♥❞✐t✐♦♥✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ✉s❡❢✉❧ ❛t ❛ ♣❛rt✐❝❧❡s ❡♠✐tt✐♥❣
❜♦✉♥❞❛r② ❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s ❝r❡❛t✐♥❣ ❥✉st t❤❡ q✉❛♥t✐t② ♦❢ ❝❤❛r❣❡s t❤❛t ❝❛♥❝❡❧s
t❤❡ ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳ ❋♦r t❤❡ ♠♦♠❡♥t ✇❡ ❞♦ ♥♦t ❦♥♦✇
❤♦✇ t♦ ❡①♣r❡ss ✐♥ ❛ r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ✇❛② t❤❡ ❈❤✐❧❞✲▲❛♥❣♠✉✐r ❝♦♥❞✐t✐♦♥✳
❲❡ ❥✉st ❞❡s❝r✐❜❡ t❤❡ ♣r❛❝t✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥✳
❚❤❡ ❡❧❡❝tr♦♥s ❛r❡ ❡♠✐tt❡❞ ❛t t❤❡ ❝❛t❤♦❞❡ ✐❢ t❤❡ ♥♦r♠❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s str♦♥❣
❡♥♦✉❣❤✱ ✉♥t✐❧ ✐t ❝❛♥❝❡❧s ✭❈❤✐❧❞✲▲❛♥❣♠✉✐r ❧❛✇✮✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ❝❡❧❧ L t❤❛t
t♦✉❝❤❡s t❤❡ ❝❛t❤♦❞❡ ❜♦✉♥❞❛r② ΓC ✿
• ✐❢ E · n < 0 ♦♥ ∂L ∩ ΓC t❤❡♥ ❝♦♠♣✉t❡
δL = ρL −
ˆ
∂L\ΓC
E · n
✇❤❡r❡ ρL =
∑
xk∈L ωk ✭❝❤❛r❣❡ ✐♥ t❤❡ ❝❡❧❧ L✮✳
• ✐❢ δL < 0✱ ❝r❡❛t❡ ne r❛♥❞♦♠ ♣❛rt✐❝❧❡s ✐♥ t❤❡ ❝❡❧❧ L ✇✐t❤ ✇❡✐❣❤ts δL/ne✳
✷✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞
✷✳✶✳ ❲❡❛❦ ✉♣✇✐♥❞ ❉● ❢♦r♠✉❧❛t✐♦♥
❚❤❡ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ✭✐♥ s❤♦rt ❉●✮ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❛ ♠♦r❡ ❛♥❞
♠♦r❡ ♣♦♣✉❧❛r ♠❡t❤♦❞ ❢♦r ❛♣♣r♦①✐♠❛t✐♥❣ ❤②♣❡r❜♦❧✐❝ s②st❡♠s ♦❢ ❝♦♥s❡r✈❛t✐♦♥
❧❛✇s ✭s❡❡✱ ❛♠♦♥❣ ♠❛♥② ♦t❤❡rs✱ ❇♦✉r❞❡❧ ❡t ❛❧✳ ❬✸❪✱ ❈r❡st❡tt♦ ❬✺❪✱ ❈r❡st❡tt♦ ❛♥❞
❍❡❧❧✉② ❬✻❪✱ ❈♦❤❡♥ ❡t ❛❧✳ ❬✹❪✱ ❑❧ö❝❦♥❡r ❡t ❛❧✳ ❬✶✹❪✱ ▲❡s❛✐♥t ❛♥❞ ❘❛✈✐❛rt ❬✶✻❪✮✳
❲❡ ❝♦♥s✐❞❡r ❛ ♠❡s❤ ♦❢ t❤❡ ❞♦♠❛✐♥ Ω✳ ■♥ ❡❛❝❤ ❝❡❧❧ L t❤❡ ✜❡❧❞sW (x, t) ❛r❡ ❛♣✲
♣r♦①✐♠❛t❡❞ ❜② s❡❝♦♥❞ ♦r❞❡r ♣♦❧②♥♦♠✐❛❧ ✐♥ x✳ ❲❡ ❞❡♥♦t❡ ❜② P2(R2) ❛ ❧✐♥❡❛r s♣❛❝❡
♦❢ s❡❝♦♥❞ ♦r❞❡r ♣♦❧②♠✳▼❡s❤✭❝✶✷✱❝✶✸✱❝✵✱❝✶✺✱ ❝✶✻✱❝✶✼✱❝✹✱❝✶✽✱ ❝✶✾✱❝✷✵✱❝✾✱❝✽✮❀ ♥♦✲
♠✐❛❧ ✐♥ x = (x1, x2). ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ✉s❡ P2(R2) = s♣❛♥{1, x1, x2, x1·x2, x21, x
2
2, x
2
1·
x2, x1 ·x
2
2} ❜❡❝❛✉s❡ ✇✐t❤ t❤✐s ❝❤♦✐❝❡✱ ✇❡ ❤❛✈❡ dimP2(R
2) = 8 ✇❤✐❝❤ ✐s ✇❡❧❧ s✉✐t❡❞
t♦ ●P❯ ♦♣t✐♠✐③❛t✐♦♥s✳ ❚❤❡♥
WL(x, t) =
∑
j
wL,j(t)ψL,j(x), {ψL,j} ❜❛s✐s ♦❢ P2(R
2)4.
❚❤❡ ❉● ✉♣✇✐♥❞ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✭▲❡s❛✐♥t ❛♥❞ ❘❛✈✐❛rt ❬✶✻❪✱ ❏♦❤♥s♦♥ ❛♥❞
P✐t❦är❛♥t❛ ❬✶✷❪✱ ❍❡❧❧✉② ❬✽❪✮ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ t❤❡ ❜❛s✐s ❝♦♠♣♦♥❡♥ts wL,j(t) ✐♥
❡❛❝❤ ❝❡❧❧ L s✉❝❤ t❤❛t ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥ ψL ∈ P2(R2)3
ˆ
L
∂tWL · ψL −
ˆ
L
WL ·A
i∂iψL +
ˆ
∂L∩Ω
(Ain+i WL +A
in−i WR) · ψL
+
ˆ
∂L∩Ω
(M +Aini)WL · ψL =
ˆ
L
S · ψL +
ˆ
∂L∩Ω
MW ✐♥❝ · ψL ✭✶✹✮
✼
✇❤❡r❡ ✇❡ ❞❡♥♦t❡ ❜② n t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ♦♥ ∂L ♦r✐❡♥t❡❞ ❢r♦♠ t❤❡ ❝❡❧❧ L t♦ t❤❡
♥❡✐❣❤❜♦r✐♥❣ ❝❡❧❧s R ❛♥❞
x+ = max(0, x), x− = min(0, x).
❚❤❡ ❉● ❢♦r♠✉❧❛t✐♦♥ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ ♠❡t❤♦❞✳ ■t r❡❧✐❡s
♦♥ t❤❡ st❛♥❞❛r❞ ✉♣✇✐♥❞ ♥✉♠❡r✐❝❛❧ ✢✉① ❢♦r ❧✐♥❡❛r ❤②♣❡r❜♦❧✐❝ s②st❡♠s
f(WL,WR, n) = A
in+i WL +A
in−i WR.
❋✐♥❛❧❧②✱ ✭✶✹✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ s②st❡♠ ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r t❤❡
wL,j(t)✳
❲❡ ❞♦ ♥♦t ❣✐✈❡ ❛❧❧ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✱ ❜✉t ❢♦r ♦✉r ❛♣♣❧✐❝❛t✐♦♥✱
t❤❡ ♠❛✐♥ ❧✐♥❡s ❛r❡✿
• ❚❤❡ ❝❡❧❧s L ❛r❡ q✉❛❞r❛t✐❝ ❝✉r✈❡❞ ✏q✉❛❞r✐❧❛t❡r❛❧s✑✳
• ❚❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ψL,j ❛r❡ ♦rt❤♦♥♦r♠❛❧ ♣♦❧②♥♦♠✐❛❧s
♦♥ t❤❡ ❝❡❧❧ L ✇❤❡♥ t❤❡ ❝❡❧❧ ✐s ❛ ♣❛r❛❧❧❡❧♦❣r❛♠✿ ✇❡ ✉s❡ ❛ ♠♦❞❛❧ ❜❛s✐s
❞❡✜♥❡❞ ❞✐r❡❝t❧② ✐♥ t❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡✳ ❲❡ ❞♦ ♥♦t r❡❧② ♦♥ ❛ r❡❢❡r❡♥❝❡
❡❧❡♠❡♥t✳ ❚❤❛♥❦s t♦ t❤✐s ❝❤♦✐❝❡ ✇❡ ✇✐❧❧ ♥♦t ❤❛✈❡ t♦ ✐♥✈❡rt ❛ ❣❡♦♠❡tr✐❝
tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ✜❡❧❞s ❛t t❤❡ ♣❛rt✐❝❧❡s✳
• ❲❡ ✉s❡ ❛ ❤✐❣❤ ♦r❞❡r ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ✭✶✻ ●❛✉ss✲▲❡❣❡♥❞r❡ q✉❛❞r❛t✉r❡
♣♦✐♥ts ✐♥ t❤❡ ❝❡❧❧s ❛♥❞ ✹ ♣♦✐♥ts ♦♥ ❡❛❝❤ ❡❞❣❡✮✳
❋♦r ♠♦r❡ ❞❡t❛✐❧s ✇❡ r❡❢❡r t♦ ❈r❡st❡tt♦ ❛♥❞ ❍❡❧❧✉② ❬✻❪✳
✷✳✷✳ ●P❯ ♣❛r❛❧❧❡❧✐③❛t✐♦♥
❚❤❡ ❉● ♠❡t❤♦❞ ❝❛♥ ❜❡ ♣❛r❛❧❧❡❧✐③❡❞ ❡✣❝✐❡♥t❧② ♦♥ ●r❛♣❤✐❝ Pr♦❝❡ss✐♥❣ ❯♥✐t
✭●P❯✮ ✭❑❧ö❝❦♥❡r ❡t ❛❧✳ ❬✶✹❪✮✳ ●P❯s ❛r❡ r❡❝❡♥t ❝♦♠♣✉t✐♥❣ ❞❡✈✐❝❡s t❤❛t ❤❛✈❡
♣r♦✈❡♥ t♦ ❜❡ ✈❡r② ❡✣❝✐❡♥t ❢♦r ♣❡r❢♦r♠✐♥❣ ❝♦♠♣✉t❛t✐♦♥s ♦♥ ❞❛t❛ t❤❛t ❝❛♥ ❜❡
r❡❣✉❧❛r❧② ♦r❣❛♥✐③❡❞ ✐♥t♦ t❤❡ ●P❯ ♠❡♠♦r②✳
●P❯s ❛r❡ ♥♦t ❛s ❡❛s② t♦ ♣r♦❣r❛♠ ❛s ❝❧❛ss✐❝ ♣r♦❝❡ss♦rs✳ ❈❯❉❆ ✐s ❛ ✇❡❧❧
❦♥♦✇♥ ❡♥✈✐r♦♥♠❡♥t ❢♦r ♣r♦❣r❛♠♠✐♥❣ ◆❱■❉■❆ ●P❯s✳ ❖♣❡♥❈▲ ✐s ❛♥♦t❤❡r
❢r❛♠❡✇♦r❦ ❢♦r ♣r♦❣r❛♠♠✐♥❣ ✈❛r✐♦✉s ♠✉❧t✐❝♦r❡ ❞❡✈✐❝❡s✱ ✐♥❝❧✉❞✐♥❣ ●P❯s ♦r ❈P❯s
♦❢ s❡✈❡r❛❧ ✈❡♥❞♦rs✳ ❖♣❡♥❈▲ ♠❡❛♥s ✏❖♣❡♥ ❈♦♠♣✉t✐♥❣ ▲❛♥❣✉❛❣❡✑✳ ■t ✐♥❝❧✉❞❡s ❛
❧✐❜r❛r② ♦❢ ❈ ❢✉♥❝t✐♦♥s✱ ❝❛❧❧❡❞ ❢r♦♠ t❤❡ ❤♦st✱ ✐♥ ♦r❞❡r t♦ ❞r✐✈❡ t❤❡ ●P❯ ❛♥❞ ❛
❈✲❧✐❦❡ ❧❛♥❣✉❛❣❡ ❢♦r ✇r✐t✐♥❣ t❤❡ ♣r♦❣r❛♠s t❤❛t ✇✐❧❧ ❜❡ ❡①❡❝✉t❡❞ ♦♥ t❤❡ ♣r♦❝❡s✲
s♦rs ♦❢ t❤❡ ♠✉❧t✐❝♦r❡ ❛❝❝❡❧❡r❛t♦r✳ ❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✐s ♠❛♥❛❣❡❞ ❜② t❤❡ ❑❤r♦♥♦s
●r♦✉♣ ❑❤r♦♥♦s ●r♦✉♣ ■♥❝✳ ❬✶✸❪✳
❖♣❡♥❈▲ ♣r♦♣♦s❡s ❛ r❛t❤❡r ❣❡♥❡r❛❧ ❛❜str❛❝t✐♦♥ t❤❛t ✇♦r❦s ✇❡❧❧ ❢♦r ✈❛r✐♦✉s
♠✉❧t✐❝♦r❡ ❙■▼❉ ❤❛r❞✇❛r❡✳ ❱❡r② s❝❤❡♠❛t✐❝❛❧❧②✱ ❛♥ ❖♣❡♥❈▲ ❞❡✈✐❝❡ ♣♦ss❡ss❡s ❛
❢❡✇ ❣✐❣❛❜②t❡s ♦❢ ❣❧♦❜❛❧ ♠❡♠♦r② ❛♥❞ ✐s ♠❛❞❡ ♦❢ ❛ ❢❡✇ t❡♥s ♦❢ ❈♦♠♣✉t✐♥❣ ❯♥✐ts
✭❈❯✮✳ ❊❛❝❤ ❈❯ ❝♦♥t❛✐♥s ❛ ❢❡✇ ♣r♦❝❡ss♦rs ❝❛❧❧❡❞ Pr♦❝❡ss✐♥❣ ❊❧❡♠❡♥ts ✭P❊✮✱ ❛♥❞
❛ s♠❛❧❧ ❝❛❝❤❡ ♠❡♠♦r② ♦❢ ❛ ❢❡✇ ❦✐❧♦❜②t❡s✳ ❚❤❡ s❛♠❡ ♣r♦❣r❛♠✱ ❝❛❧❧❡❞ ❛ ❦❡r♥❡❧✱
❝❛♥ ❜❡ ❡①❡❝✉t❡❞ ♦♥ ❛❧❧ t❤❡ Pr♦❝❡ss✐♥❣ ❊❧❡♠❡♥ts ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❚❤❡ P❊s
❤❛✈❡ ❛ ✈❡r② ❢❛st ❛❝❝❡ss t♦ t❤❡ ❝❛❝❤❡ ♠❡♠♦r② ♦❢ t❤❡✐r ❈❯✳ ❚❤❡ P❊s ❤❛✈❡ ❛❧s♦
✽
❛♥ ❡✣❝✐❡♥t ❛❝❝❡ss t♦ t❤❡ ●P❯ ❣❧♦❜❛❧ ♠❡♠♦r② ✐❢ t❤❡② r❡❛❞ ♦r ✇r✐t❡ t♦ ❛❞❥♦✐♥✐♥❣
♠❡♠♦r② ❧♦❝❛t✐♦♥s✳ ❋♦r ♥♦♥✲r❡❣✉❧❛r ❝♦♠♣✉t❛t✐♦♥s✱ ❛ ❝❧❛ss✐❝ str❛t❡❣② ✐s t❤✉s ✜rst
t♦ ❢❡t❝❤ ❛ t✐❧❡ ♦❢ ❞❛t❛ ✐♥t♦ t❤❡ ❈❯ ❝❛❝❤❡✱ t❤❡♥ ♣❡r❢♦r♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✇✐t❤
❢❛st ❛❝❝❡ss t♦ t❤❡ ❝❛❝❤❡✳ ❲❤❡♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ✜♥✐s❤❡❞✱ t❤❡② ❛r❡ ❝♦♣✐❡❞
❜❛❝❦✱ ✐♥ ❛ r❡❣✉❧❛r ✇❛② t♦ t❤❡ ❣❧♦❜❛❧ ♠❡♠♦r②✳ ❆ s♣❡❝✐❛❧ ❜❡❤❛✈✐♦r ♦❢ ❖♣❡♥❈▲
❞❡✈✐❝❡s ♠❛❦❡s t❤❡ ●P❯ ♣r♦❣r❛♠♠✐♥❣ r❛t❤❡r ❝♦♠♣❧✐❝❛t❡❞✿ ✐❢ t✇♦ ♣r♦❝❡ss♦rs tr②
t♦ ✇r✐t❡ ❛t t❤❡ s❛♠❡ ♠❡♠♦r② ❧♦❝❛t✐♦♥ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ♦♥❧② ♦♥❡ ✇✐❧❧ s✉❝❝❡❡❞✳✳✳
❚❤✐s ❤❛s t♦ ❜❡ ❦❡♣t ✐♥ ♠✐♥❞✱ ❢♦r ✐♥st❛♥❝❡ ✐♥ t❤❡ ✢✉① ❝♦❧❧❡❝t✐♥❣ ❛❧❣♦r✐t❤♠ ♦r
✇❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ ❝✉rr❡♥t ❝r❡❛t❡❞ ❜② t❤❡ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s❛♠❡ ❝❡❧❧ L.
❲❡ ❤❛✈❡ ✇r✐tt❡♥ ❛♥ ❖♣❡♥❈▲ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❉● ❢♦r♠✉❧❛✲
t✐♦♥✳ ❖✉r ♣r♦❣r❛♠♠✐♥❣ str❛t❡❣② ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧s ✐♥ ❈r❡st❡tt♦ ❛♥❞ ❍❡❧❧✉②
❬✻❪✳ ❲❡ ❥✉st r❡❝❛❧❧ ❤❡r❡ t❤❡ ♣r✐♥❝✐♣❛❧ ♣♦✐♥ts✿
• ■♥✐t✐❛❧✐③❛t✐♦♥✿ ✇❡ ❝♦♠♣✉t❡ ❛♥❞ ✐♥✈❡rt t❤❡ ❧♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s ♦♥ t❤❡ ❈P❯✳
❲❡ s❡♥❞ ✭❛❧❧✮ t❤❡ ❞❛t❛ t♦ t❤❡ ●P❯✳
• ❋✐rst ♣❛ss ♦❢ ❡❛❝❤ t✐♠❡ st❡♣✿ ✇❡ ❛ss♦❝✐❛t❡ t♦ ❡❛❝❤ ●❛✉ss ♣♦✐♥t ♦❢ ❡❛❝❤ ❡❞❣❡
♦♥❡ ♣r♦❝❡ss♦r✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ✢✉① ❛t t❤❡ ●❛✉ss ♣♦✐♥ts ❛♥❞ st♦r❡ ✐t ✐♥t♦
❣❧♦❜❛❧ ♠❡♠♦r②✳
• ❙❡❝♦♥❞ ♣❛ss✿ ✇❡ ❛ss♦❝✐❛t❡ t♦ ❡❛❝❤ ❜❛s✐s ❢✉♥❝t✐♦♥ ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ❛ ♣r♦✲
❝❡ss♦r✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ wL,j ✉s✐♥❣ t❤❡ ❉● ✇❡❛❦
❢♦r♠✉❧❛t✐♦♥✱ t❤❡ ♣r❡✈✐♦✉s❧② ❝♦♠♣✉t❡❞ ✢✉①❡s ❛♥❞ t❤❡ st♦r❡❞ ✐♥✈❡rt❡❞ ♠❛ss
♠❛tr✐❝❡s✳ ❚❤❡ s❡♣❛r❛t✐♦♥ ✐♥t♦ t✇♦ ♣❛ss❡s ✇✐t❤ ♣❛r❛❧❧❡❧✐s♠ r❡❞✐str✐❜✉t✐♦♥
❛❧❧♦✇s ❛✈♦✐❞✐♥❣ ❝♦♥❝✉rr❡♥t ✇r✐t✐♥❣ ♦♣❡r❛t✐♦♥s✳
• ❚✐♠❡ ✐♥t❡❣r❛t✐♦♥✿ ✇❡ ✉s❡ ❛ s✐♠♣❧❡ s❡❝♦♥❞ ♦r❞❡r ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡✳
❆❝❝♦r❞✐♥❣ t♦ s♦♠❡ ❜❡♥❝❤♠❛r❦ t❤❛t ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞✱ ✇❡ ♦❜s❡r✈❡❞ ❛ s♣❡❝t❛❝✉✲
❧❛r ❡✣❝✐❡♥❝② ♦❢ t❤❡ ●P❯ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❈♦♠♣❛r❡❞ t♦ ❛ s✐♥❣❧❡ ❝♦r❡ ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥ ♦♥ ❛ tr❛❞✐t✐♦♥❛❧ ❈P❯ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ●P❯ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s
✺✵✲✶✵✵ t✐♠❡s ❢❛st❡r ✭❈r❡st❡tt♦ ❛♥❞ ❍❡❧❧✉② ❬✻❪✮✳
✸✳ P■❈ ♠❡t❤♦❞
✸✳✶✳ ●❡♥❡r❛❧✐t✐❡s ♦♥ t❤❡ P■❈ ♠❡t❤♦❞
❚❤❡ P❛rt✐❝❧❡✲■♥✲❈❡❧❧ ♠❡t❤♦❞ ✐s ❛ ✈❡r② ♥❛t✉r❛❧ ♠❡t❤♦❞ ✭❇✐r❞s❛❧❧ ❛♥❞ ▲❛♥❣❞♦♥
❬✷❪✮ ❢♦r ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ▼❛①✇❡❧❧✲❱❧❛s♦✈ s②st❡♠ ✭✶✮✱ ✭✻✮ ❜❡❝❛✉s❡ ✐t st❛rts
❞✐r❡❝t❧② ❢r♦♠ t❤❡ ♣❛rt✐❝❧❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✭✹✮✳ ❚❤❡ ✐❞❡❛
✐s s✐♠♣❧② t♦ ♠♦✈❡ t❤❡ ♣❛rt✐❝❧❡s ✇✐t❤ ❛ st❛♥❞❛r❞ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥
s♦❧✈❡r✳ ❚❤✐s r❡q✉✐r❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❛t t❤❡ ♣❛rt✐❝❧❡
♣♦s✐t✐♦♥s✳ ❲❡ ❤❛✈❡ t❤✉s t♦ ❦♥♦✇ ❛t ❡❛❝❤ t✐♠❡ st❡♣ t♦ ✇❤✐❝❤ ❡❧❡♠❡♥t ❜❡❧♦♥❣s
❡❛❝❤ ♣❛rt✐❝❧❡✳ ❘❡✈❡rs❡❧②✱ t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ♣r♦❞✉❝❡s ❛♥ ❡❧❡❝tr✐❝ ❝✉rr❡♥t
♠❡❛s✉r❡ ❣✐✈❡♥ ❜② ✭✸✮✳
❚❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ✜❡❧❞s ♦✈❡r t❤❡ ♣❛rt✐❝❧❡s ✐s r❛t❤❡r ❡❛s② t♦ ♣❛r❛❧❧❡❧✐③❡✳
❚❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ♦♥ t❤❡ ❝✉rr❡♥t ❛t t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡
▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✐s ❧❡ss ♦❜✈✐♦✉s t♦ ♣r♦❣r❛♠✳ ■♥❞❡❡❞✱ ❛ ♥❛✐✈❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥
✾
✇♦✉❧❞ ❧❡❛❞ t♦ ❝♦♥❝✉rr❡♥t ♠❡♠♦r② ✇r✐t✐♥❣✳ ❘❡❝❡♥t ●P❯ ❖♣❡♥❈▲ ❞r✐✈❡rs ❛❧❧♦✇
♠❡♠♦r② ❧♦❝❦✐♥❣ ❛♥❞ ❛t♦♠✐❝ ♦♣❡r❛t✐♦♥s✱ ❜✉t ✐t ✐s ♥♦t r❡❝♦♠♠❡♥❞❡❞ t♦ ✉s❡ t❤❡s❡
❢❡❛t✉r❡s ❜❡❝❛✉s❡ t❤❡② ❣❡♥❡r❛❧❧② ❧❡❛❞ t♦ ❞r❛♠❛t✐❝ ❞r♦♣ ♦❢ ♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡r❡✲
❢♦r❡✱ ✇❡ ♣r❡❢❡r t♦ ❛❞♦♣t ❛ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ s♦rt✐♥❣ t❡❝❤♥✐q✉❡ ✭♣r❡s❡♥t❡❞ ❢♦r
✐♥st❛♥❝❡ ✐♥ ❆✉❜❡rt ❡t ❛❧✳ ❬✶❪✮ ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❢❛st❡r ❝♦♠♣✉t❛t✐♦♥s✳
▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t ✇❡ ❤❛✈❡ ❡♠♣❧♦②❡❞ ❛ ✈❡r② s✐♠♣❧❡ P■❈ ♠❡t❤♦❞✳ ▼❛♥②
❛✉t❤♦rs ❤❛✈❡ ♦❜s❡r✈❡❞ ♠✉❝❤ ❜❡tt❡r ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ P■❈ ❛❧❣♦r✐t❤♠ ✇❤❡♥ t❤❡
♣❛rt✐❝❧❡s ❛r❡ s♠♦♦t❤❡❞✳ ❙♠♦♦t❤✐♥❣ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ✈❡r② ✐♠♣♦rt❛♥t ❢♦r st❛✲
❜✐❧✐t②✱ ♣r❡❝✐s✐♦♥ ❛♥❞ ❝❤❛r❣❡ ❝♦♥s❡r✈❛t✐♦♥✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
✜❡❧❞ ✐s ❝♦♠♣✉t❡❞ ❜② ❛ ❞✐s❝♦♥t✐♥✉♦✉s ❛♣♣r♦①✐♠❛t✐♦♥✳ ❯♥❢♦rt✉♥❛t❡❧②✱ s♠♦♦t❤✐♥❣
❛❧s♦ r❡q✉✐r❡s ❛t♦♠✐❝ ♦♣❡r❛t✐♦♥s ❛♥❞ t❤✉s ❛♥ ❡✈❡♥ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ●P❯ ✐♠♣❧❡✲
♠❡♥t❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ❞❡❝✐❞❡❞ t♦ t❡st t❤❡ r♦✉❣❤ P■❈ ♠❡t❤♦❞ ❛♥②✇❛②✳
❙✉r♣r✐s✐♥❣❧②✱ ✇❡ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ♦❜t❛✐♥ r❛t❤❡r ♣r❡❝✐s❡ r❡s✉❧ts✳ ❚❤❡ ❝♦♥❞✐t✐♦♥
❢♦r ♦❜t❛✐♥✐♥❣ t❤❡s❡ r❡s✉❧ts ✐s t♦ ✉s❡ ❛ ❤✐❣❤ ❞✐✈❡r❣❡♥❝❡ ❝❧❡❛♥✐♥❣ ♣❛r❛♠❡t❡r χ ≃ 10✳
❲❡ ✇✐❧❧ ❞✐s❝✉ss t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤✐s ❝❤♦✐❝❡ ✐♥ ❙❡❝t✐♦♥ ✹✳
✸✳✷✳ ●P❯ ✐♠♣❧❡♠❡♥t❛t✐♦♥
❲❡ ❣✐✈❡ s♦♠❡ ❞❡t❛✐❧s ♦♥ t❤❡ ●P❯ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r ♦♥❡ t✐♠❡ st❡♣✳ ▼♦r❡
✐♥❢♦r♠❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ ❈r❡st❡tt♦ ❛♥❞ ❍❡❧❧✉② ❬✻❪✳
✸✳✷✳✶✳ P❛rt✐❝❧❡s ♠♦t✐♦♥
• ❊♠✐ss✐♦♥✿ ✇❡ ✉s❡ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❧❛st ♣❛r❛❣r❛♣❤ ♦❢ ❙❡❝t✐♦♥
✶✳✹✳✷✳ ❚❤❡ r❛♥❞♦♠ ♣♦s✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜② ✐♥❞❡♣❡♥❞❡♥t ✈❛♥ ❞❡r ❈♦r♣✉t
s❡q✉❡♥❝❡s✳
• P❛rt✐❝❧❡ ❛❝❝❡❧❡r❛t✐♦♥✿ ❛t ❡❛❝❤ t✐♠❡ st❡♣ ✇❡ ❛ss♦❝✐❛t❡ ♦♥❡ ♣r♦❝❡ss♦r t♦
❡❛❝❤ ♣❛rt✐❝❧❡✳ ❲❡ ♠♦✈❡ t❤❡ ♣❛rt✐❝❧❡ ❛♥❞ ✜♥❞ ✐ts ♥❡✇ ❝❡❧❧ ❧♦❝❛t✐♦♥✳ ❖✉r
❛❧❣♦r✐t❤♠ ✇♦r❦s ♦♥ ❛♥ ✉♥str✉❝t✉r❡❞ ❣r✐❞✱ ❜✉t ❢♦r ❡✣❝✐❡♥❝②✱ ✇❡ ❛ss✉♠❡
t❤❛t ❞✉r✐♥❣ ♦♥❡ t✐♠❡ st❡♣ t❤❡ ♣❛rt✐❝❧❡ ❝❛♥♥♦t ❝r♦ss ♠♦r❡ t❤❛♥ ♦♥❡ ❝❡❧❧
❧❛②❡r✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐♠♣♦s❡s ❛ ❈❋▲ ❝♦♥❞✐t✐♦♥ t❤❛t ✐s ♥♦t ❝♦♥str❛✐♥✐♥❣
❝♦♠♣❛r❡❞ t♦ t❤❡ ❉● s♦❧✈❡r ❈❋▲ ❝♦♥❞✐t✐♦♥✳
✸✳✷✳✷✳ ❈✉rr❡♥t
❚❤✐s ✐s t❤❡ ♠♦st s✉❜t❧❡ ♣❛rt ♦❢ t❤❡ ●P❯ ❛❧❣♦r✐t❤♠ ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ t♦
❛✈♦✐❞ ❝♦♥❝✉rr❡♥t ♠❡♠♦r② ✇r✐t❡ ♦♣❡r❛t✐♦♥s✳ ❚❤✐s ❞✐✣❝✉❧t② ❤❛s ❜❡❡♥ ❛❧r❡❛❞②
❛❞❞r❡ss❡❞ ❜② s❡✈❡r❛❧ ❛✉t❤♦rs ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡ ❆✉❜❡rt ❡t ❛❧✳ ❬✶❪✮✳ ❚❤❡ ♠♦st
❡✣❝✐❡♥t s♦❧✉t✐♦♥s ❣❡♥❡r❛❧❧② r❡❧② ♦♥ ❛ ♣❛rt✐❝❧❡s s♦rt✐♥❣ ♣❛ss ❛t ❡❛❝❤ t✐♠❡ ✐t❡r❛t✐♦♥✳
• ❲❡ t❤✉s ✜rst s♦rt t❤❡ ❧✐st ♦❢ ♣❛rt✐❝❧❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❝❡❧❧ ♥✉♠❜❡rs✳ ❋♦r
t❤✐s s♦rt✐♥❣✱ ✇❡ ✉s❡ ❛ ●P❯✲♦♣t✐♠✐③❡❞ r❛❞✐① s♦rt ❛❧❣♦r✐t❤♠ ♦❢ ❍❡❧❧✉② ❬✾❪✳
❚❤❡♥✱ ✐t ✐s ❡❛s② t♦ ❦♥♦✇ ❤♦✇ ♠❛♥② ♣❛rt✐❝❧❡s ❛r❡ ✐♥ ❡❛❝❤ ❝❡❧❧✳
• ❲❡ ❝❛♥ ❛❧s♦ s♦rt t❤❡ ❝❡❧❧s ❧✐st ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥s✐❞❡
t❤❡ ❝❡❧❧s ✭♦♣t✐♦♥❛❧✮✳
✶✵
• ❲❡ ❛ss♦❝✐❛t❡ t♦ ❡❛❝❤ ❝❡❧❧ ❛ ♣r♦❝❡ss♦r✳ ❚❤❡♥ ❢♦r ❡❛❝❤ ❝❡❧❧ ✐t ✐s ♣♦ss✐❜❧❡ t♦
❧♦♦♣ ♦♥ ✐ts ♣❛rt✐❝❧❡s ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡✐r ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ❝✉rr❡♥t
ˆ
L
S · ψL =
∑
xk∈L
ωk(−x˙
k
1(t),−x˙
k
2(t), 0, χ)
T · ψL(x
k(t)).
• ❚❤❛♥❦s t♦ t❤❡ s❡❝♦♥❞ ♦♣t✐♦♥❛❧ s♦rt✐♥❣✱ ♥❡✐❣❤❜♦r✐♥❣ ♣r♦❝❡ss♦rs tr❡❛t ❛♣✲
♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❛♥❞ ✐♥ t❤✐s ✇❛② t❤❡② ❞♦ ♥♦t
✇❛✐t t♦♦ ♠✉❝❤ ❢♦r ❡❛❝❤ ♦t❤❡r✳ ■♥ s♦♠❡ ❝♦♠♣✉t❛t✐♦♥s✱ t❤✐s ❝❛♥ ✐♥❝r❡❛s❡ t❤❡
❡✣❝✐❡♥❝②✳
✹✳ ●P❯ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts
●P❯ ♣r♦❣r❛♠♠✐♥❣ ✐s ❝♦♠♣❧❡① ❛♥❞ t✐♠❡ ❝♦♥s✉♠✐♥❣✳ ❲❡ t❤✉s ❡①♣❡❝t ❛t ❧❡❛st
❤✐❣❤ s♣❡❡❞✉♣s ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❋♦r ♠❡❛s✉r✐♥❣ t❤❡ ❡✣❝✐❡♥❝②✱ ✇❡ ❤❛✈❡
❝♦♠♣❛r❡❞ ✐♥ ❈r❡st❡tt♦ ❛♥❞ ❍❡❧❧✉② ❬✻❪ ❛ s❡q✉❡♥t✐❛❧ ❛♥❞ ❛ ●P❯ ✐♠♣❧❡♠❡♥t❛t✐♦♥
♦❢ t❤❡ ❉● ▼❛①✇❡❧❧ s♦❧✈❡r✳ ■♥ t❤✐s ❝❛s❡✱ ✇✐t❤♦✉t ♣❛rt✐❝❧❡s✱ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞
s♣❡❡❞✉♣s ♦❢ t❤❡ ♦r❞❡r ♦❢ 50 − 100. ❲❤❡♥ ✇❡ ❝♦✉♣❧❡ t❤❡ ❱❧❛s♦✈ ❛♥❞ t❤❡ P■❈
s♦❧✈❡r ✇❡ ❤❛✈❡ st✐❧❧ ❣♦♦❞ s♣❡❡❞✉♣s ♦❢ t❤❡ ♦r❞❡r 5− 10✱ ❜✉t ✇❡ ❝❧❡❛r❧② ❧♦♦s❡ ♦♥❡
♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② s❡✈❡r❛❧
r❡❛s♦♥s✿
• P❛rt✐❝❧❡ s♦rt✐♥❣ ✐s t✐♠❡ ❝♦♥s✉♠✐♥❣ ❛♥❞ r❡q✉✐r❡ ♥♦♥✲❝♦❛❧❡s❝✐♥❣ ♠❡♠♦r②
❛❝❝❡ss❡s✳
• ❚❤❡ ♣❛rt✐❝❧❡s ❛r❡ s♦rt❡❞ ✇✐t❤ ❛♥ ✐♥❞✐r❡❝t✐♦♥ ❛rr❛②✳ ❚❤❡ ❝✉rr❡♥t ❝♦♠♣✉t❛✲
t✐♦♥ t❤✉s ❛❧s♦ r❡q✉✐r❡s r❛♥❞♦♠ ♠❡♠♦r② ❛❝❝❡ss❡s✳
• P❛rt✐❝❧❡s s♦rt✐♥❣ ❛♥❞ ❝✉rr❡♥t ❡✈❛❧✉❛t✐♦♥ t❛❦❡ ❛♣♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡ t✐♠❡✳
❲❤✐❧❡ t❤❡ ♣❛rt✐❝❧❡ s♦❧✈❡r ✐s ❝❛❧❧❡❞ ♦♥❧② ❡✈❡r② t❡♥ ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ❉●
s♦❧✈❡r✱ t❤❡ ❉● s♦❧✈❡r r❡♣r❡s❡♥ts ♦♥❧② 15% ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✳ ❘❡❝❛❧❧
t❤❛t ✇❡ ❞♦ ♥♦t ✉s❡ ♣❛rt✐❝❧❡s s♠♦♦t❤✐♥❣ ❛♥❞ t❤❛t ✇❡ ♥❡❡❞ ❤✐❣❤ ✈❛❧✉❡s ♦❢
χ ❢♦r ♣❡r❢♦r♠✐♥❣ ❛ ❣♦♦❞ ❞✐✈❡r❣❡♥❝❡ ❝❧❡❛♥✐♥❣ ✭t②♣✐❝❛❧❧②✱ ✇❡ t❛❦❡ χ ≃ 10✮✳
❋✐♥❛❧❧②✱ t❤✐s ✐s ♥♦t s♦ ❡①♣❡♥s✐✈❡✱ ❜❡❝❛✉s❡ t❤❡ ❉● s♦❧✈❡r ✐s ♠✉❝❤ ❝❤❡❛♣❡r
t❤❛♥ t❤❡ P■❈ s♦❧✈❡r✳
❲❡ ♥♦✇ ♣r❡s❡♥t r❛♣✐❞❧② s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✳
✹✳✶✳ ❈❤✐❧❞✲▲❛♥❣♠✉✐r ❝✉rr❡♥t
■♥ ♦✉r ✜rst ❡①❛♠♣❧❡ ✇❡ tr② t♦ ❝♦♠♣✉t❡ ♥✉♠❡r✐❝❛❧❧② ❛ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ t❤❛t
❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛♥❛❧②t✐❝❛❧❧②✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t ❛ ❤✐❣❤ ✈❛❧✉❡ ♦❢ χ ✐s ♥❡❝❡ss❛r②✳
■❢ χ ✐s t♦♦ s♠❛❧❧✱ t❤❡ s❝❤❡♠❡ ❞♦❡s ♥♦t ❝♦rr❡❝t t❤❡ ❞✐✈❡r❣❡♥❝❡ ❡rr♦rs ❡✣❝✐❡♥t❧②✳
▼❛②❜❡ t❤❛t ❛ s♠♦♦t❤✐♥❣ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✇♦✉❧❞ ♣❡r♠✐t t♦ ❞✐♠✐♥✐s❤ χ✳
❲❡ ❝♦♥s✐❞❡r ❛ ♣❧❛♥❛r ❞✐♦❞❡ Ω = [0, Lx] × [0, Ly] ✇✐t❤ ❛ ❝❛t❤♦❞❡ C = {x =
0} × [0, Ly] ❛♥❞ ❛♥ ❡①✐t ❜♦✉♥❞❛r② A = {x = Lx} × [0, Ly]✳ ❲❡ ❝♦♥s✐❞❡r ❛ ♠❡t❛❧
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✶✾✮ ❛t t❤❡ ❛♥♦❞❡ x = 0 ❛♥❞ ✇❡ ❛♣♣❧② t❤❡ ❡①❛❝t s♦❧✉t✐♦♥
✶✶
✇✐t❤ ❛♥ ✐♥❤♦♠♦❣❡♥❡♦✉s ❙✐❧✈❡r✲▼ü❧❧❡r ❝♦♥❞✐t✐♦♥ ❛t x = Lx✳ ❆t t❤✐s ♣♦✐♥t✱ t❤❡
✏✐♥❝✐❞❡♥t✑ ✜❡❧❞ ✐s ❞❡✜♥❡❞ ❜②
(E1, E2, H3, ψ)
✐♥❝ = (−1, 0, 0, 0)
T
. ✭✶✺✮
❲❡ ❛♣♣❧② ♣❡r✐♦❞✐❝ ❝♦♥❞✐t✐♦♥s ❛t y = 0 ❛♥❞ y = Ly✳
❲❡ r❡♣r❡s❡♥t Ex ♦♥ ❋✐❣✉r❡ ✶ ❛t t✐♠❡s t = 1 ❛♥❞ t = 5✳ χ ✐s t❛❦❡♥ ❡q✉❛❧ t♦
5 ❛♥❞ ✇❡ ♠♦✈❡ t❤❡ ♣❛rt✐❝❧❡s ❡✈❡r② 25 t✐♠❡ st❡♣s ✐♥ ♦r❞❡r t♦ ❧❡t t❤❡ ❞✐✈❡r❣❡♥❝❡
❝♦rr❡❝t✐♦♥ ❛❝t✳ ❙♠❛❧❧❡r ✈❛❧✉❡s ♦❢ χ ❣✐✈❡ ✐♥❛❝❝✉r❛t❡ r❡s✉❧ts ✭❈r❡st❡tt♦ ❬✺❪✮✳ ❲❡ s❡❡
t❤❡ ❡♠✐ss✐♦♥ ✭t❤❡r❡ ✐s ♥♦ ♣❛rt✐❝❧❡ ❛t t = 0✮ ❛♥❞ t❤❡ ♠♦t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ❢r♦♠ t❤❡
❝❛t❤♦❞❡ t♦ t❤❡ ❛♥♦❞❡✳ ❲❡ ❝❛♥ ❛❧s♦ r❡♠❛r❦ t❤❛t ♦♥ t❤❡ ❝❛t❤♦❞❡ Ex = E · n ≈ 0✱
✇❤✐❝❤ ✐s t❤❡ s❡❛r❝❤❡❞ ❈❤✐❧❞✲▲❛♥❣♠✉✐r ❝♦♥❞✐t✐♦♥✳
❋✐❣✉r❡ ✶✿ P❧❛♥❛r ❞✐♦❞❡ ❝❛s❡✿ Ex ❛t t✐♠❡s t = 1 ✇✐t❤ 8918 ♣❛rt✐❝❧❡s ✭❧❡❢t✮✱ ❛♥❞ t = 5 ✇✐t❤
44133 ♣❛rt✐❝❧❡s ✭r✐❣❤t✮✱ 1024 ❡❧❡♠❡♥ts✳
❋♦r s✉❝❤ ❛ ♣❧❛♥❛r ❞✐♦❞❡ ✐♥ ❈❛rt❡s✐❛♥ ❣❡♦♠❡tr②✱ t❤❡ ❈❤✐❧❞✲▲❛♥❣♠✉✐r ❝✉rr❡♥t
JCL ♦♥ t❤❡ ❛♥♦❞❡ ❢♦r ❛ ❣✐✈❡♥ ♣♦t❡♥t✐❛❧ ❞r♦♣ V0 ❜❡t✇❡❡♥ t❤❡ ❝❛t❤♦❞❡ ❛♥❞ t❤❡
❛♥♦❞❡ ✈❡r✐✜❡s
JCL (Lx) =
4
9Lx
2
√
2 | q |
m
V
3
2
0 , ✭✶✻✮
✇❤❡r❡
JCL =
ˆ
A
j · n ✭✶✼✮
❛♥❞
V0 = V (x = Lx, y0)−V (x = 0, y0) =
ˆ Lx
0
∂xV (x, y0) dx = −
ˆ Lx
0
Ex (x, y0) dx,
✭✶✽✮
y0 ∈ [0, Ly] ❛♥❞ V ❞❡♥♦t✐♥❣ t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧ s✉❝❤ t❤❛t E = −∇xV ✳ ❚❤❡
❝♦♠♣✉t❡❞ ♣♦t❡♥t✐❛❧ ❞r♦♣ ✐s ❣✐✈❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ♦♥ ❋✐❣✉r❡ ✷ ✭❧❡❢t✮✳ ■t
t❡♥❞s t♦ t❤❡ ✈❛❧✉❡ ❞❡♥♦t❡❞ ❜② V0✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❤❡♦r❡t✐❝❛❧ ❝✉rr❡♥t JCL ✐s
❛❧s♦ ❣✐✈❡♥ ♦♥ ❋✐❣✉r❡ ✷ ✭r✐❣❤t✮ ❛♥❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝♦♠♣✉t❡❞ ♦♥❡✳
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❋✐❣✉r❡ ✷✿ ❈❤✐❧❞✲▲❛♥❣♠✉✐r ❧❛✇✿ ♣♦t❡♥t✐❛❧ ❞r♦♣ ✭❧❡❢t✮ ❛♥❞ ❈❤✐❧❞✲▲❛♥❣♠✉✐r ❝✉rr❡♥t ✭r✐❣❤t✮✱
❝♦♠♣✉t❡❞ ✈❛❧✉❡s ✭❜❧✉❡✮ ❝♦♠♣❛r❡❞ t♦ t❤❡♦r❡t✐❝❛❧ ♦♥❡s ✭r❡❞✮✳
❋✐❣✉r❡ ✸✿ ❉✐♦❞❡ ❣❡♦♠❡tr②
✹✳✷✳ ❳✲❘❛② ❣❡♥❡r❛t♦r
❲✐t❤ ♦✉r ❝♦❞❡✱ ✇❡ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❛❜❧❡ t♦ s✐♠✉❧❛t❡ ❛♥ ❡❧❡❝tr♦♥s ❡♠✐tt✐♥❣
❞✐♦❞❡✳ ❚❤✐s ❞❡✈✐❝❡ ✐s ✉s❡❞ ❢♦r ♣r♦❞✉❝✐♥❣ ①✲r❛②s✱ ✇❤❡♥ t❤❡ ❡❧❡❝tr♦♥s ❤✐t t❤❡ ❛♥♦❞❡✳
❚❤❡ ❛①✐s②♠♠❡tr✐❝ ❣❡♦♠❡tr② ♦❢ t❤❡ ❞✐♦❞❡ ❛♥❞ t❤❡ ♠❡s❤ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❞♦♠❛✐♥ ❛r❡ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✸✳ ❆t t✐♠❡ t = 0✱ ❛♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡
✐s ❡♥t❡r✐♥❣ ❛t t❤❡ ❧❡❢t ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ❆t t❤✐s ❜♦✉♥❞❛r② Γs ✇❡
❛♣♣❧② ❛♥ ✐♥❤♦♠♦❣❡♥❡♦✉s ❙✐❧✈❡r✲▼ü❧❧❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❆t t❤❡ ❝❛t❤♦❞❡ ❛♥❞
t❤❡ ❛♥♦❞❡✱ ✇❡ ❛♣♣❧② ♠❡t❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❡❧❡❝tr♦♥s ❛r❡ ❡♠✐tt❡❞ ❛t
t❤❡ ❝❛t❤♦❞❡✳ ❚❤❡ r♦t❛t✐♦♥❛❧ s②♠♠❡tr② ✐♠♣❧✐❡s ❛❞❞✐t✐♦♥❛❧ ❣❡♦♠❡tr✐❝ t❡r♠s ✐♥
t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❛♥❞ ✐♥ t❤❡ ♣❛rt✐❝❧❡s ✇❡✐❣❤ts ✭s❡❡ ❈r❡st❡tt♦ ❛♥❞ ❍❡❧❧✉②
❬✻❪✮✳ ■♥ ❛❞❞✐t✐♦♥ t❤❡r❡ ✐s ♥♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ t♦ ❛♣♣❧② ♦♥ t❤❡ r♦t❛t✐♦♥ ❛①✐s✱
❜❡❝❛✉s❡ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① ✐♥ t❤❡ ●❛❧❡r❦✐♥ ❉✐s❝♦♥t✐♥✉♦✉s ♠❡t❤♦❞ s✐♠♣❧② ❝❛♥❝❡❧s
✭✐t ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ❛①✐s✮✳
❲❡ r❡♣r❡s❡♥t t❤❡ r❛❞✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ t❤❡ ♣❛rt✐❝❧❡s ❛t
✶✸
❋✐❣✉r❡ ✹✿ ❊❧❡❝tr♦♥ ❡♠✐ss✐♦♥ ❛t ❞✐♠❡♥s✐♦♥❧❡ss t✐♠❡ t = 0.22✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❞♦♠❛✐♥ L = 0.4 ❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss s♣❡❡❞ ♦❢ ❧✐❣❤t c = 1.
t✐♠❡ t = 0.22 ♦♥ ❋✐❣✉r❡ ✹✳
❚❤✐s ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ❤❛s ❜❡❡♥ ❛✇❛r❞❡❞ ❛ ♣r✐③❡ ❛t t❤❡ ❆▼❉ ❖♣❡♥❈▲
❝♦♠♣❡t✐t✐♦♥ ✐♥ ✷✵✶✶✳ ❙❡❡
❤tt♣✿✴✴❞❡✈❡❧♦♣❡r✳❛♠❞✳❝♦♠✴❡✈❡♥ts✴❛♠❞✲♦♣❡♥❝❧✲❝♦❞✐♥❣✲❝♦♠♣❡t✐t✐♦♥✲✷✴
✺✳ ❘❡❞✉❝❡❞ ♠♦❞❡❧✐♥❣
❚❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ ♦✉r ❱❧❛s♦✈✲▼❛①✇❡❧❧ P■❈✲❉● ❡①♣❡r✐❡♥❝❡ ✐s t❤❛t ✐t ✐s ✜♥❛❧❧②
♣♦ss✐❜❧❡ t♦ ❛❝❤✐❡✈❡ ✐♥t❡r❡st✐♥❣ ❛❝❝❡❧❡r❛t✐♦♥s ♦♥ ●P❯✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥ ✐s ❝♦♠♣❧❡①✳ ❲❤✐❧❡ t❤❡ P■❈ s❡q✉❡♥t✐❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞✱
✐ts ♣❛r❛❧❧❡❧✐③❛t✐♦♥ r❡q✉✐r❡s ♣❛rt✐❝❧❡s s♦rt✐♥❣✱ r❛♥❞♦♠ ♠❡♠♦r② ❛❝❝❡ss❡s✱ ❡t❝✳ ❆♥❞
✐♥ t❤❡ ❡♥❞ ♠♦st ♦❢ t❤❡ ●P❯ t✐♠❡ ✐s s♣❡♥t ✐♥ t❤❡ P■❈ ❛❧❣♦r✐t❤♠ ✇❤✐❧❡ t❤❡ ❉●
s♦❧✈❡r ✐s ✈❡r② ❡✣❝✐❡♥t✳
❲❡ ✇♦✉❧❞ t❤✉s ❧✐❦❡ t♦ ♣r❡s❡♥t ❛♥♦t❤❡r ❛♣♣r♦❛❝❤ ✇❤❡r❡ ✇❡ ✉s❡ ❛ ✉♥✐✜❡❞
❊✉❧❡r✐❛♥ ❉● s♦❧✈❡r ❢♦r t❤❡ ▼❛①✇❡❧❧ ❛♥❞ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥s✳ ❲❤❡♥ ❝♦❞✐♥❣
♦✉r ❉● s♦❧✈❡r✱ ✇❡ ❤❛✈❡ tr✐❡❞ t♦ ❜❡ ❛s ❣❡♥❡r✐❝ ❛s ♣♦ss✐❜❧❡✳ ❋♦r ✐♥st❛♥❝❡ t❤❡
♣❤②s✐❝❛❧ ♠♦❞❡❧ ✐s ❡①♣❧✐❝✐t ♦♥❧② ✐♥ ❛ ❢❡✇ ♣❛rts ♦❢ t❤❡ ❝♦❞❡✿ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧
✢✉①✱ t❤❡ s♦✉r❝❡ t❡r♠s ❛♥❞ t❤❡ ❜♦✉♥❞❛r② t❡r♠s✳ ❇✉t ❣❡♥❡r❛❧❧②✱ t❤❡ ✇❤♦❧❡ ❉●
❛❧❣♦r✐t❤♠ ✐s ♥♦t ❛✇❛r❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❤②s✐❝❛❧ ♠♦❞❡❧✳ ❲❡ ✇✐❧❧ s❤♦✇ ❤♦✇ t♦
r❡✇r✐t❡ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛♥ ❛✉❣♠❡♥t❡❞ ❤②♣❡r❜♦❧✐❝ s②st❡♠✱
✇r✐tt❡♥ ♦♥❧② ✐♥ (x, t) t❤❛t ❝❛♥ t❤✉s ❜❡ s♦❧✈❡❞ ❜② t❤❡ ❣❡♥❡r✐❝ ❉● s♦❧✈❡r✳ ❚❤❡
r❡s✉❧t✐♥❣ ♠♦❞❡❧ ✐s ❝❛❧❧❡❞ t❤❡ r❡❞✉❝❡❞ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ♠♦❞❡❧✳
✺✳✶✳ ❱❡❧♦❝✐t② ❡①♣❛♥s✐♦♥
❚❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✐s ❛ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✇r✐tt❡♥ ✐♥ t❤❡ (x, v) s♣❛❝❡✳ ❚❤❡
♦❜❥❡❝t✐✈❡ ♦❢ r❡❞✉❝❡❞ ♠♦❞❡❧✐♥❣ ✐s t♦ r❡✇r✐t❡ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✐♥ ♦r❞❡r t♦
♦❜t❛✐♥ ❛ ❤②♣❡r❜♦❧✐❝ s②st❡♠ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✱ ❜✉t s❡t ♦♥❧② ✐♥ t❤❡ x s♣❛❝❡✳
■♥ t❤✐s ✇❛② ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡✉s❡ ❛ ❣❡♥❡r✐❝ ❉● s♦❧✈❡r✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡
❝♦♥s✐❞❡r ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♥t✐♥✉♦✉s ❜❛s✐s ❢✉♥❝t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❡❧♦❝✐t②
v ∈ D 7→ ϕi(v), i = 1 · · ·P.
❲❡ s✉♣♣♦s❡ t❤❛t
v ∈ ∂D ⇒ ϕi(v) = 0. ✭✶✾✮
✶✹
❲❡ ❡①♣❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ t❤✐s ❜❛s✐s
f(x, v, t) ≃
P∑
j=1
f j(x, t)ϕj(v) = f
jϕj .
❲❡ ✐♥s❡rt t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐♥t♦ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✭✻✮✱ ♠✉❧t✐♣❧② ❜② ϕi ❛♥❞
✐♥t❡❣r❛t❡ ♦♥ t❤❡ ✈❡❧♦❝✐t② ❞♦♠❛✐♥ D✳ ❲❡ ❛❧s♦ ✐♥t❡❣r❛t❡ ❜② ♣❛rts t❤❡ ❛❝❝❡❧❡r❛t✐♦♥
t❡r♠✱ ❛♥❞ ✉s✐♥❣ ✭✶✾✮✱ ✇❡ ♦❜t❛✐♥ ✭❍❡❧❧✉② ❡t ❛❧✳ ❬✶✶❪✮
ˆ
v
ϕiϕj∂tf
j +
ˆ
v
ϕiϕjv
k∂kf
j −
ˆ
v
µa · ∇vϕiϕjf
j = 0.
❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ P × P ♠❛tr✐❝❡s
Mi,j =
ˆ
v
ϕiϕj , A
k
i,j =
ˆ
v
ϕiϕjv
k, Bi,j = −
ˆ
v
µa · ∇vϕiϕj , ✭✷✵✮
❛♥❞ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❤❡ r❡❞✉❝❡❞ ❢♦r♠
M∂tw +A
k∂kw +Bw = 0, ✭✷✶✮
♦r ❛❧s♦
∂tw +M
−1Ak∂kw +M
−1Bw = 0, ✭✷✷✮
✇❤❡r❡
w = (f1, · · · , fP )T . ✭✷✸✮
❚❤❡ ❢♦r♠ ✭✷✷✮ ✐s ❝❛❧❧❡❞ t❤❡ r❡❞✉❝❡❞ ❱❧❛s♦✈ ❡q✉❛t✐♦♥✳ ■t ✐s ❛ ✜rst ♦r❞❡r ❤②♣❡r❜♦❧✐❝
s②st❡♠ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ✭❍❡❧❧✉② ❡t ❛❧✳ ❬✶✶❪✮ t❤❛t ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ❛ st❛♥❞❛r❞
❉● s♦❧✈❡r✳ ❍♦✇❡✈❡r✱ ❢♦r ♣r❛❝t✐❝❛❧ r❡❛s♦♥s ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♣r♦✈✐❞❡ ❛♥ ❡✣❝✐❡♥t
❝❤♦✐❝❡ ♦❢ ❜❛s✐s ❢✉♥❝t✐♦♥s ϕi✳ ❆ ❣♦♦❞ ❝❤♦✐❝❡ ❡♥s✉r❡s ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❜❛s✐s
❢✉♥❝t✐♦♥s P ❛♥❞ t❤❛t t❤❡ ♠❛tr✐❝❡sM ✱ Ak ❛♥❞ B ❛r❡ s♣❛rs❡✳ ❲❡ ❞❡t❛✐❧ ♥♦✇ s✉❝❤
❛ ❜❛s✐s ❛♥❞ ❛❧s♦ ❛♥ ❛❞❡q✉❛t❡ ❝❤♦✐❝❡ ♦❢ ♥✉♠❡r✐❝❛❧ q✉❛❞r❛t✉r❡ t❤❛t ✇✐❧❧ ❧❡❛❞ t♦
❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s M ❛♥❞ Ak.
✺✳✷✳ ❋✐♥✐t❡ ❡❧❡♠❡♥t ❜❛s✐s ✇✐t❤ ♥♦❞❛❧ ✐♥t❡❣r❛t✐♦♥
❲❡ ❝♦♥s✐❞❡r ❛ ♥♦❞❛❧ ✜♥✐t❡ ❡❧❡♠❡♥t ✐♥t❡r♣♦❧❛t✐♦♥ ✐♥ t❤❡ ✈❡❧♦❝✐t② s♣❛❝❡ ✇✐t❤
❝✉r✈❡❞ ✏q✉❛❞r✐❧❛t❡r❛❧s✑✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♥♦❞❛❧ ♣♦✐♥ts ✇✐❧❧ ❝♦✐♥❝✐❞❡ ✇✐t❤ ●❛✉ss✲
▲♦❜❛tt♦ q✉❛❞r❛t✉r❡ ♣♦✐♥ts✳ ■♥ t❤✐s ✇❛② ✇❡ ♦❜t❛✐♥ s❡✈❡r❛❧ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ▲❡t ✉s ❣✐✈❡ ♥♦✇ ♠♦r❡ ❞❡t❛✐❧s✳
❲❡ ❝❤♦♦s❡ ✜rst ❛ ❞❡❣r❡❡ d ≥ 1 ♦❢ ♣♦❧②♥♦♠✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❲❡ ❝❛♥ ❛s✲
s♦❝✐❛t❡ t♦ t❤✐s ❞❡❣r❡❡ d + 1 ●❛✉ss✲▲♦❜❛tt♦ ♣♦✐♥ts ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✱ ξ1 =
0 < ξ2 < · · · < ξd+1 = 1✳ ❲❡ ❝♦♥s✐❞❡r ❛❧s♦ ✐♥t❡❣r❛t✐♦♥ ✇❡✐❣❤ts ω1 · · ·ωd✳ ❚❤❡
●❛✉ss✲▲♦❜❛tt♦ ✐♥t❡❣r❛t✐♦♥ r✉❧❡
ˆ 1
0
Q(ξ)dξ ≃
d+1∑
i=1
ωiQ(ξi),
✶✺
❋✐❣✉r❡ ✺✿ ❆ ♠❡s❤ ♦❢ t❤❡ ✈❡❧♦❝✐t② ❞✐s❦ D ✇✐t❤ ❞❡❣r❡❡ d = 3✱ K = 80 ❡❧❡♠❡♥ts ✭✐♥ ❜❧❛❝❦✮✱
PD = 745 ●❛✉ss✲▲♦❜❛tt♦ ♥♦❞❡s ✭r❡❞ ♣♦✐♥ts✮ ❛♥❞ P = 697 ✐♥t❡r✐♦r ♥♦❞❡s✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥
❢✉♥❝t✐♦♥ ❝❛♥❝❡❧s ♦♥ t❤❡ ❜♦✉♥❞❛r② ❛♥❞ ✐s t❤✉s ❝♦♠♣✉t❡❞ ♦♥❧② ❛t t❤❡ ✐♥t❡r✐♦r ✈❡❧♦❝✐t② ♣♦✐♥ts✳
❙✉❝❤ ❛ ♠❡s❤ ❧❡❛❞s t♦ ✈❡r② ❤❡❛✈② ❝♦♠♣✉t❛t✐♦♥s ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ t♦ s♦❧✈❡ ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡ ❛
❤②♣❡r❜♦❧✐❝ s②st❡♠ ✇✐t❤ P = 697 ✭❱❧❛s♦✈✮ +3 ✭▼❛①✇❡❧❧✮ = 700 ❝♦♠♣♦♥❡♥ts✳
✐s t❤❡♥ ❡①❛❝t ✐❢ Q ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ≤ 2d − 1. ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡
▲❛❣r❛♥❣❡ ♣♦❧②♥♦♠✐❛❧s Li ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ●❛✉ss✲▲♦❜❛tt♦ s✉❜❞✐✈✐s✐♦♥✳ ❚❤❡
♣♦❧②♥♦♠✐❛❧ Li✱ i = 1 · · · d+ 1 ✐s ♦❢ ❞❡❣r❡❡ d ❛♥❞ s❛t✐s✜❡s
Li(ξj) = δij ,
✇❤❡r❡ δij ✐s t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛✳
❲❡ ❝♦♥str✉❝t ♥♦✇ ❛ ♠❡s❤ ♦❢ t❤❡ ✈❡❧♦❝✐t② ❞✐s❦ D✳ ❚❤❡ ♠❡s❤ ✐s ♠❛❞❡ ♦❢
♥♦❞❡s Vk✱ k = 1 · · ·PD✱ PD > P ✳ ❊❛❝❤ ♥♦❞❡ Vk ❢♦r k = 1 · · ·P ✐s ❛ss♦❝✐❛t❡❞ t♦
❛ ❜❛s✐s ❢✉♥❝t✐♦♥ ϕk✳ ❲❡ ❛❧s♦ s✉♣♣♦s❡ t❤❛t t❤❡ ♥♦❞❡s VP+1 · · ·VPD ❛r❡ ♦♥ t❤❡
❜♦✉♥❞❛r② ∂D ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡② ❛r❡ ♥♦t ❛ss♦❝✐❛t❡❞ t♦ ❜❛s✐s ❢✉♥❝t✐♦♥s ϕk✳
❚❤❡ ♥♦❞❡s ❛r❡ ❛ss♦❝✐❛t❡❞ t♦ ❡❧❡♠❡♥ts Λk✱ k = 1 · · ·K✳ ❊❛❝❤ ❡❧❡♠❡♥t ✐s ❛ ❝✉r✈❡❞
✏q✉❛❞r✐❧❛t❡r❛❧✑ ❛♥❞ ♦✇♥s (d+1)2 ♥♦❞❡s✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ ♠❡s❤ ✇✐t❤ ❞❡❣r❡❡
d = 3✱ K = 80 ❡❧❡♠❡♥ts✱ PD = 745 ♥♦❞❡s ❛♥❞ P = 697 ✐♥t❡r✐♦r ♥♦❞❡s ✐s ❣✐✈❡♥
♦♥ ❋✐❣✉r❡ ✺ ✳
❆s ✐t ✐s tr❛❞✐t✐♦♥❛❧ ✐♥ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❧♦❝❛❧ ❛♥❞ ❛
❣❧♦❜❛❧ ♥✉♠❜❡r✐♥❣ ♦❢ t❤❡ ♥♦❞❡s ♦❢ ❡❧❡♠❡♥t Λk✳ ❚❤❡ ❧♦❝❛❧ ♥♦❞❡ l✱ l = 1 · · · (d+1)2
♦❢ ❡❧❡♠❡♥t Λk ✐s ❛❧s♦ ♥♦t❡❞
Vk,l = Vκ(k,l),
✇❤❡r❡ κ(k, l) ✐s t❤❡ K × (d+ 1)2 ❝♦♥♥❡❝t✐✈✐t② ❛rr❛② ♦❢ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡s❤✳
❊❛❝❤ ❡❧❡♠❡♥t Λk ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❣❡♦♠❡tr✐❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥ τk t❤❛t ♠❛♣s
t❤❡ sq✉❛r❡ Λˆ =]0, 1[×]0, 1[ ♦♥ ❡❧❡♠❡♥t Λk✳ ❚❤❡ ❣❡♦♠❡tr✐❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ✐s
✶✻
❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r (d+ 1)2 r❡❢❡r❡♥❝❡ ♥♦❞❡s
Vˆl = (ξi, ξj), ✇✐t❤ l = (i− 1)(d+ 1) + j, 1 ≤ i, j ≤ d+ 1.
❚❤❡ r❡❢❡r❡♥❝❡ ♥♦❞❡s ❛r❡ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ●❛✉ss✲▲♦❜❛tt♦ ♣♦✐♥ts ♦❢ t❤❡ r❡❢❡r✲
❡♥❝❡ ❡❧❡♠❡♥t✳ ❘❡❢❡r❡♥❝❡ ♥♦❞❡ Vˆl ✐s ❛❧s♦ ❛ss♦❝✐❛t❡❞ t♦ ❛♥ ✐♥t❡❣r❛t✐♦♥ ✇❡✐❣❤t
ωˆl = ωiωj ✇✐t❤ l = (i− 1)(d+ 1) + j, 1 ≤ i, j ≤ d+ 1. ✭✷✹✮
❚♦ ❡❛❝❤ r❡❢❡r❡♥❝❡ ♥♦❞❡✱ ✇❡ ❛ss♦❝✐❛t❡ ❛ r❡❢❡r❡♥❝❡ ❜❛s✐s ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ t❡♥s♦r
♣r♦❞✉❝t ♦❢ ▲❛❣r❛♥❣❡ ♣♦❧②♥♦♠✐❛❧s
ϕˆl(ξ, η) = Li(ξ)Lj(η), ✇✐t❤ l = (i− 1)(d+ 1) + j, 1 ≤ i, j ≤ d+ 1.
❲❡ ❝❛♥ ❝❤❡❝❦ t❤❛t
ϕˆl(Vˆm) = δlm.
❚❤❡♥✱ t❤❡ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❜②
τk(ξ, η) =
(d+1)2∑
l=1
ϕˆl(ξ, η)Vk,l,
✐♥ s✉❝❤ ❛ ✇❛② t❤❛t
τk(Vˆl) = Vk,l.
❲❡ ❛❧s♦ s✉♣♣♦s❡ t❤❛t t❤❡ ♥♦❞❡ Vi ❛r❡ ❞❡✜♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t τk ✐s ✐♥✈❡rt✐❜❧❡
❛♥❞ ❛❧s♦ ❛ ❞✐r❡❝t tr❛♥s❢♦r♠❛t✐♦♥
det τ
′
k > 0.
❲❡ ❤❛✈❡ ♥♦✇ ❛❧❧ t❤❡ ♣✐❡❝❡s t♦ ❝♦♥str✉❝t t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ▲❡t i = 1 · · ·P
❛♥❞ v ∈ D, t❤❡♥ ♥❡❝❡ss❛r✐❧②✱ v ∈ Λk ❢♦r s♦♠❡ k = 1 · · ·K✶✳ ❲❡ t❤❡♥ ❤❛✈❡ t✇♦
♣♦ss✐❜✐❧✐t✐❡s✿
✶✳ ◆♦❞❡ Vi ✐s ♥♦t ❛ ♥♦❞❡ ♦❢ ❡❧❡♠❡♥t Λk t❤❡♥
ϕi(v) = 0. ✭✷✺✮
✷✳ ◆♦❞❡ Vi ✐s ❛ ♥♦❞❡ ♦❢ ❡❧❡♠❡♥t Λk✳ ■t ♠❡❛♥s t❤❛t i = κ(k, l) ❢♦r s♦♠❡
l = 1 · · · (d+ 1)2✳ ❚❤❡♥
ϕi(v) = ϕˆl(vˆ), ✇✐t❤ v = τk(vˆ). ✭✷✻✮
■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ❛❧s♦ ❝♦♠♣✉t❡ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥
∇vϕi(v) = (τ
′
k(vˆ)
T )−1∇vˆϕˆl(vˆ), v = τk(vˆ). ✭✷✼✮
✶❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❡❧❡♠❡♥ts Λk ❛r❡ ❞✐s❥♦✐♥t ♦♣❡♥ s❡ts ❛♥❞ t❤❛t ∪Λk = D✳ ❖❢ ❝♦✉rs❡✱
t❤✐s ❝❛♥♥♦t ❜❡ ❡①❛❝t❧② tr✉❡ ❜❡❝❛✉s❡ τk ✐s ❛ ♣♦❧②♥♦♠✐❛❧ tr❛♥s❢♦r♠❛t✐♦♥✳ ❲❡ ♥❡❣❧❡❝t ✐♥ ♦✉r
♣r❡s❡♥t❛t✐♦♥ t❤❡ ❡rr♦r ♠❛❞❡ ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ D✳
✶✼
❋r♦♠ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥s✱ ✇❡ ♦❜t❛✐♥ ❜❛s✐s ❢✉♥❝t✐♦♥s t❤❛t ❛r❡ ❝♦♥t✐♥✉♦✉s ♦♥
D✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡② s❛t✐s❢② t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣r♦♣❡rt②
ϕi(Vj) = δij , 1 ≤ i, j ≤ P.
❚❤✐s ✐♥t❡r♣♦❧❛t✐♦♥ ♣r♦♣❡rt② ❡♥s✉r❡s t❤❛t t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ w ✐♥ ✭✷✸✮ ❛r❡ s✐♠♣❧②
❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛t t❤❡ ●❛✉ss✲▲♦❜❛tt♦ ♣♦✐♥ts Vi
f i(x, t) ≃ f(x, Vi, t).
❲❡ ❝❛♥ t❤✉s ❛❧s♦ ✉s❡ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t ♦♥ t❤❡ ❜♦✉♥❞❛r② ♥♦❞❡s
f i(x, t) = 0 ✐❢ P + 1 ≤ i ≤ PD.
❋♦r ❝♦♠♣✉t✐♥❣ t❤❡ ♠❛tr✐❝❡s ✐♥ ✭✷✵✮ ✇❡ ✉s❡ t❤❡ ●❛✉ss✲▲♦❜❛tt♦ ✐♥t❡❣r❛t✐♦♥
r✉❧❡✳ ❋♦r ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ h ❞❡✜♥❡❞ ♦♥D t❤❡ ✐♥t❡❣r❛❧ ✐s ✜rst s♣❧✐t ✐♥t♦ ❡❧❡♠❡♥t❛r②
✐♥t❡❣r❛❧s ˆ
D
h(v)dv =
K∑
k=1
ˆ
Λk
h(v)dv,
❛♥❞ t❤❡♥ ✭✉s✐♥❣ ❞❡✜♥✐t✐♦♥ ✭✷✹✮✮
ˆ
Λk
h(v)dv =
ˆ
Λˆ
h(τk(ξ, η)) det τ
′
k(ξ, η)
≃
(d+1)2∑
l=1
ωˆl det τ
′
k(Vˆl)h(τk(Vˆl))
=
(d+1)2∑
l=1
ωk,lh(Vk,l). ✭✷✽✮
❯s✐♥❣ t❤❡ q✉❛❞r❛t✉r❡ r✉❧❡ ✭✷✽✮ ❛♥❞ ❢♦r♠✉❧❛ ✭✷✼✮ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❣r❛❞✐❡♥t ♦❢
t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥ ✇❡ ❝❛♥ ♣r❛❝t✐❝❛❧❧② ❝♦♠♣✉t❡ t❤❡ ♠❛tr✐❝❡s ✐♥ ✭✷✵✮✳ ❖✉r ❝❤♦✐❝❡ ♦❢
✐♥t❡❣r❛t✐♦♥ ♣♦✐♥ts ❞♦❡s ♥♦t ❡♥s✉r❡ ❡①❛❝t ✐♥t❡❣r❛t✐♦♥ ❢♦rM ✱ Ak ❛♥❞ B✳ ❍♦✇❡✈❡r✱
✐♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❢♦r t❤❡ ❡①❛❝t ❛♥❞ ❛♣♣r♦①✐♠❛t❡ ♠❛tr✐❝❡s✳
❲✐t❤ ♦✉r ❝❤♦✐❝❡ ♦❢ q✉❛❞r❛t✉r❡ ♣♦✐♥ts ✇❡ ♦❜t❛✐♥ t❤❛t M ❛♥❞ Ak ❛r❡ ❞✐❛❣♦♥❛❧
♠❛tr✐❝❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡
Mii =
∑
i=κ(k,l)
ωk,l, ✭✷✾✮
❛♥❞
Akii =MiiV
k
i , Vi = (V
1
i , V
2
i ).
❚❤❡s❡ ❝♦♠♣✉t❛t✐♦♥s s❤♦✇ t❤❛t t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❝t♦r w s❛t✐s❢② ❛ s❡t ♦❢
❝♦✉♣❧❡❞ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s
∂tf
i + Vi · ∇xf
i +Σi(w) = 0, i = 1 · · ·P. ✭✸✵✮
✶✽
■♥ t❤❡ ✈❡❝t♦r ❢♦r♠✱ t❤❡ ❝♦✉♣❧✐♥❣ s♦✉r❝❡ t❡r♠ ✐s ❣✐✈❡♥ ❜②
Σ(w) =M−1Bw.
▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛❢t❡r ❡①♣❛♥❞✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✱ t❤❡ ❝♦✉♣❧✐♥❣ s♦✉r❝❡ t❡r♠
❜❡❝♦♠❡s
Σi(w) =
−1
Mii
∑
Λk∋Vi
(d+1)2∑
l=1
ωk,lf
κ(k,l)µ(Vk,l)a(·, Vk,l, ·) · ∇vϕi(Vk,l), ✭✸✶✮
✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❛t t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥ ϕi ✐s ❣✐✈❡♥ ❜② ✭✷✼✮✳
❘❡♠❛r❦✿ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡Mii ❛♥❞ Σi ❡✣❝✐❡♥t❧② ❜② ❛ ❝❧❛ss✐❝ ✜♥✐t❡
❡❧❡♠❡♥t ❛ss❡♠❜❧② ♣r♦❝❡❞✉r❡✿ ✇❡ ❧♦♦♣ ♦♥ t❤❡ ❡❧❡♠❡♥ts✱ ❝♦♠♣✉t❡ t❤❡ ❡❧❡♠❡♥t❛r②
❝♦♥tr✐❜✉t✐♦♥s ❛♥❞ ❞✐str✐❜✉t❡ t❤❡♠ ✐♥t♦ t❤❡ ❣❧♦❜❛❧ (Mii) ♦r (Σi) ✈❡❝t♦rs✳
✺✳✸✳ ❯♥✐✜❡❞ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡❞ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ♠♦❞❡❧
❲❡ ❛r❡ ♥♦✇ ✐♥ ❛ ♣♦s✐t✐♦♥ t♦ ✇r✐t❡ ✐♥ ❛ ✉♥✐✜❡❞ ✇❛② t❤❡ ▼❛①✇❡❧❧ ❛♥❞ r❡❞✉❝❡❞
❱❧❛s♦✈ s②st❡♠✳ ❲❡ ❡①t❡♥❞ t❤❡ ♦r✐❣✐♥❛❧ ✈❡❝t♦r W ♦❢ ✭✶✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②
W = (E1, E2, H3, φ, f
1 · · · fP )T .
❲❡ t❤❡♥ ♦❜t❛✐♥ ❛ ❤②♣❡r❜♦❧✐❝ s②st❡♠ ✐♥ t❤❡ ❢♦r♠ ✭✶✮ ✇❤❡r❡ t❤❡ ♥❡✇ ♠❛tr✐❝❡s Ak
❛r❡ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧✳ ❚❤❡ ❜❧♦❝❦s ❛r❡ ❝♦♥str✉❝t❡❞ ✇✐t❤ t❤❡ ♠❛tr✐❝❡s Ak ♦❢ ❙❡❝t✐♦♥
✶✳✸ ❛♥❞ ❙❡❝t✐♦♥ ✺✳✷✳ ❚❤❡ s♦✉r❝❡ t❡r♠ ♦❢ t❤❡ ♥❡✇ s②st❡♠ ✐s ❛❧s♦ ❛ss❡♠❜❧❡❞ ❢r♦♠
t❤❡ s♦✉r❝❡ t❡r♠s ✭✶✵✮ ❛♥❞ ✭✺✮ ♦❢ ❙❡❝t✐♦♥ ✶✳✸ ❛♥❞ ❙❡❝t✐♦♥ ✺✳✷
S(W ) = (j1, j2, 0, χρ,Σ
T )T . ✭✸✷✮
❋♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❝✉rr❡♥t ❛♥❞ t❤❡ ❝❤❛r❣❡ ❤❡r❡✱ ✇❡ ❛❣❛✐♥ ✉s❡ t❤❡ ●❛✉ss✲▲♦❜❛tt♦
q✉❛❞r❛t✉r❡ ✭✷✽✮ ✐♥ t❤❡ ✈❡❧♦❝✐t② s♣❛❝❡
ρ =
∑
k,l
ωk,lf
κ(k,l), j =
∑
k,l
ωk,lf
κ(k,l)Vk,l. ✭✸✸✮
■♥ t❤✐s ❢♦r♠❛❧✐s♠✱ ✐t ✐s ✈❡r② ❡❛s② t♦ ❛❞❛♣t ❛ ❣❡♥❡r✐❝ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥
s♦❧✈❡r ❢♦r ❤❛♥❞❧✐♥❣ t❤❡ r❡❞✉❝❡❞ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ♠♦❞❡❧✳ ❲❡ ❥✉st ❤❛✈❡ t♦ ♠♦❞✐❢②
t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❛♥❞ s♦✉r❝❡ ❢✉♥❝t✐♦♥s✳ ❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ✭✸✵✮ t❤❛t t❤❡ r❡❞✉❝❡❞
❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✐s ❛ s❡t ♦❢ ❝♦✉♣❧❡❞ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ✇✐t❤ ✈❡❧♦❝✐t✐❡s Vi✳ ❲❡
✉s❡ ❛ st❛♥❞❛r❞ ✉♣✇✐♥❞ ♥✉♠❡r✐❝❛❧ ✢✉① ❢♦r t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s✳ ❚❤❡ s♦✉r❝❡
t❡r♠ ✭✸✶✮ ✐s ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ❛ss❡♠❜❧② ♣r♦❝❡❞✉r❡ ❛♥❞ s✉♣❡r✐♠♣♦s❡❞ ✇✐t❤ t❤❡
▼❛①✇❡❧❧ s♦✉r❝❡ t❡r♠ ❢r♦♠ ✭✸✸✮ ❛♥❞ ✭✶✵✮✳
✺✳✹✳ Pr❡❧✐♠✐♥❛r② ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ♣r❡❧✐♠✐♥❛r② ❱❧❛s♦✈✲▼❛①✇❡❧❧ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ r❡❞✉❝❡❞ ❛♣♣r♦❛❝❤✳ ❲❡ ❤❛✈❡ ♥♦t ②❡t ✐♠♣❧❡♠❡♥t❡❞ t❤❡ ❈❤✐❧❞✲
▲❛♥❣♠✉✐r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✇❡ ♦♥❧② ♣r❡s❡♥t ❛ ✈❡r② s✐♠♣❧❡ ❛♥❞
❛❝❛❞❡♠✐❝ t❡st ❝❛s❡✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❝❧♦✉❞ ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ✐♥ t❤❡ ❝❡♥t❡r ♦❢ ❛
✶✾
❋✐❣✉r❡ ✻✿ ❚❤❡ ❢✉♥❝t✐♦♥ q✳
sq✉❛r❡ ❞♦♠❛✐♥ Ω✳ ❇❡❝❛✉s❡ t❤❡ ♣❛rt✐❝❧❡s r❡♣❡❧ ❡❛❝❤ ♦t❤❡r✱ t❤❡ ❝❧♦✉❞ ✇✐❧❧ ❡①♣❛♥❞
✇✐t❤ t✐♠❡✳ ❲❡ ♣❧♦t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❝❤❛r❣❡ ✐♥ t❤❡ ❞♦♠❛✐♥ ❛t ❞✐✛❡r❡♥t
t✐♠❡s✳ ❲❡ ❛❧s♦ r❡♣r❡s❡♥t t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✈❡❧♦❝✐t② s♣❛❝❡ ❛t ❛
❣✐✈❡♥ ♣♦✐♥t (x1, x2) = (0.37, 0.5)✳ ❚❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s
f(x1, x2, v1, v2, 0) = −q(x1)q(x2)q(v1)q(v2),
✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ q✱ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✻✱ ❤❛s ✐ts s✉♣♣♦rt ✐♥ [−1/2, 1/2]
❛♥❞ s❛t✐s✜❡s
´∞
r=−∞
q(r)dr = 1✳
❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ✈❛♥✐s❤❡s✳ ❚❤✐s ✐♥✐t✐❛❧ ❝♦♥❞✐✲
t✐♦♥ ✐s ♥♦t ♣❤②s✐❝❛❧✱ ❜❡❝❛✉s❡ t❤❡ ●❛✉ss ❧❛✇ ✐s ♥♦t s❛t✐s✜❡❞✿ ∇·E 6= ρ✳ ❚❤❡r❡❢♦r❡✱
✇❡ t❛❦❡ ❛ ❞✐✈❡r❣❡♥❝❡ ❝♦rr❡❝t✐♦♥ ♣❛r❛♠❡t❡r χ = 4✳ ❖♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω✱ ✇❡
❛♣♣❧② ❤♦♠♦❣❡♥❡♦✉s ❙✐❧✈❡r✲▼ü❧❧❡r ❝♦♥❞✐t✐♦♥s✳ ❋✐♥❛❧❧②✱ ✇❡ t❛❦❡ µ = 1✿ ♦✉r ❝♦♠✲
♣✉t❛t✐♦♥ ✐s ♥♦♥✲r❡❧❛t✐✈✐st✐❝✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ t✐♠❡ ✐s s❤♦rt ❡♥♦✉❣❤ s♦ t❤❛t t❤❡
❡①❛❝t ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✈❛♥✐s❤❡s ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ✈❡❧♦❝✐t② ❞✐s❦✱ ❡✈❡♥
❛t t❤❡ ✜♥❛❧ t✐♠❡ T = 1.
❲❡ ✉s❡ ❛ ♠❡s❤ ♦❢ Ω ✇✐t❤ 8 × 8 = 64 ❝❡❧❧s✳ ❚❤❡ ✈❡❧♦❝✐t② ♠❡s❤ ✐s ♦❢ ♦r❞❡r
d = 2✳ ■t ❝♦♥t❛✐♥s 305 ●❛✉ss✲▲♦❜❛tt♦ ♥♦❞❡s✳
❲❡ ♣❧♦t t❤❡ ❝❤❛r❣❡ ❡✈♦❧✉t✐♦♥ ♦♥ ❋✐❣✉r❡ ✼✳
❲❡ ❛❧s♦ ♣❧♦t t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛t ♣♦✐♥t (x1, x2) = (0.37, 0.5) ❛t ❞✐❢✲
❢❡r❡♥t t✐♠❡s ♦♥ ❋✐❣✉r❡ ✽✳
❋✐♥❛❧❧②✱ ✇❡ ♣❧♦t t❤❡ x1−❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t✐♠❡ t = 1 ♦♥
❋✐❣✉r❡ ✾✳
❈♦♥❝❧✉s✐♦♥
■♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ t✇♦ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❢♦r ❛♣♣r♦①✐♠❛t✐♥❣
t❤❡ ❱❧❛s♦✈✲▼❛①✇❡❧❧ s②st❡♠✳ ❚❤❡ ✜rst s❝❤❡♠❡ ✐s ❛ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❛♥ ✉♣✇✐♥❞
✷✵
❋✐❣✉r❡ ✼✿ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝❤❛r❣❡ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✱ t = 0 ✭t♦♣✮✱ t = 0.5 ✭♠✐❞❞❧❡✮✱
t = 1.0 ✭❜♦tt♦♠✮✳
✷✶
❋✐❣✉r❡ ✽✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ f(0.37, 0.5, v1, v2, t) ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❞♦♠❛✐♥✱ t = 0 ✭t♦♣✮✱ t = 0.5 ✭❜♦tt♦♠✮✳ ✳ ❚❤❡ ❛♣♣❛r❡♥t ♣♦❧②❣♦♥❛❧ s❤❛♣❡ ♦❢ t❤❡ ♠❡s❤ ❜♦✉♥❞❛r②
✐s ❞✉❡ t♦ ❛ ♣♦st✲♣r♦❝❡ss♦r ❜✉❣ ✐♥ t❤❡ ✜rst ♣✐❝t✉r❡✳
✷✷
❋✐❣✉r❡ ✾✿ x1 ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t✐♠❡ t = 1.0✳
❉● s♦❧✈❡r ❢♦r t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❛ P■❈ s♦❧✈❡r ❢♦r t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥✳
❲❡ ❤❛✈❡ r❡✈✐❡✇❡❞ s♦♠❡ ♣r❛❝t✐❝❛❧ ❛s♣❡❝ts ♦❢ ❛ r♦❜✉st ❛♥❞ ♣r❡❝✐s❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥
♦❢ t❤❡ ✇❤♦❧❡ ♣r♦❝❡❞✉r❡✿ ❤✐❣❤ ♦r❞❡r ♣♦❧②♥♦♠✐❛❧s✱ ✉♣✇✐♥❞ ✢✉①✱ st❛❜❧❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✱ ❞✐✈❡r❣❡♥❝❡ ❝❧❡❛♥✐♥❣✳ ❲❡ ❤❛✈❡ ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ t❤❡ ❛❧❣♦r✐t❤♠ ♦♥
●P❯✱ ✇❤✐❝❤ r❡q✉✐r❡s ❛ s♦rt✐♥❣ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ❧✐st ❛t ❡❛❝❤ t✐♠❡ st❡♣✳ ❲❡ ♦❜✲
t❛✐♥❡❞ ✐♥t❡r❡st✐♥❣ s♣❡❡❞✉♣s✱ ❜✉t ✇❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t t❤❡ P■❈ ♠❡t❤♦❞ ✐s t❤❡
♠♦st ❡①♣❡♥s✐✈❡ ♣❛rt ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✇❡ ♣r♦♣♦s❡ ❛♥♦t❤❡r ❢✉❧❧②
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